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Abstract. We consider the infrared problem in a model of a freely propagating, nonrela- 
tivistic charged particle of mass 1 in interaction with the quantized electromagnetic field. 
The hamiltonian H{gq) = Hq + gI(cro) of the system is regularized by an infrared cutoff 
o"o <C 1, and an ultraviolet cutoff A ~ 1 in the interaction term, in units of the mass of 
the charged particle. Due to translation invariance, it suffices to study the hamiltonian 
H p {(Tq) := H(a )\ H , where 7i p denotes the fibre space of the conserved momentum operator 
associated to total momentum p G M 3 . Under the condition that the coupling constant g is 
sufficiently small, there exists a constant p c G 1), such that for all p with \p\ < p c , the 
following statements hold: 

(1) For every a > 0, i?o[b|,cr ] := inf spec H p (a ) is an eigenvalue with corresponding 
eigenvector Q\p, a ] G H p . 

(2) For all a > 0, (^[b|,<r ] ~ < 0{g*) for (3 = 0, 1,2. 

(3) fl\p, a ] is not an element of the Fock space TC P in the limit a — > 0, if \p\ > 0. 

Our proofs are based on the operator-theoretic renormalization group of V. Bach, J. 
Frohlich, and I.M. Sigal [2|, The key difficulty in the analysis of this system is connected 
to the strictly marginal nature of the leading interaction term, and a main issue in our 
exposition is to develop analytic tools to control its renormalization flow. 



lr riiis is the author's PhD thesis under Prof. Jiirg Frohlich at ETH Zurich, ETH-Diss 14203. 
2 After August 2001: Courant Institute, New York University, 251 Mercer Street, New York, NY 10012- 
1185, USA. 
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CHAPTER 1 



INTRODUCTION 



We consider a non-relativistic, charged particle, of mass 1 (where h = c = 1), prop- 
agating in Euclidean M. 3 , which interacts with the quantized electromagnetic field. Due to 
translation invariance of the system, the total momentum of the particle and the boson field 
is conserved. We thus consider the Hilbert space of states as a direct integral 



n = / (TpH p , 

Jr 3 

where 7i p is the fibre space of the conserved momentum operator, corresponding to total 
momentum p. 

Due to the translational invariance of the system, it suffices to study H p (ao), the 
restriction of the hamiltonian of the system to 7i p , for a range of p's of physical interest. 
Here, ctq denotes an artificial, arbitrarily small, but fixed infrared cutoff in the interaction. 
Every TC P is isomorphic to the Fock space of the quantized electromagnetic field, tensored 
with C 2 , accounting for electron spin. 

1.1. Physical motivation and main results 

The questions we propose to answer are: 

(1) Does H p (ao), for sufficiently small values of \p\, have an eigenvalue at the bottom 
of its spectrum, which accounts for a dressed 1-particle state (or an infraparticle state) ? For 
values \p\ > 1 (in units of the mass of the charged particle), this cannot be true, due to the 
phenomenon of Cherenkov radiation. In fact, if \p\ approaches 1 (corresponding to the rest 
energy mc 2 of the charged particle, where m is its mass, and c is the speed of light), the in- 
fraparticle increasingly tends to reduce its kinetic energy by the emission of electromagnetic 
(Cherenkov) radiation. Consequently, if \p\ becomes too large, infspeci/ p (cro) ceases to be an 
eigenstate. The eigenvalue £?o[|p|, &o], considered as a function of \p\, conjecturally becomes 
a resonance if \p\ approaches 1. Clarification of the latter is beyond the scope of this text. 

(2) What is the nature of the ground state vector of H p (cr ) ? 

(3) Is the ground state energy of H p (a ) sufficiently smooth in p, that is, of class C 2 , 
for all Co > ? This degree of differentiability is, for instance, required for the construction 



of scattering theory according to |5], [10| , |2T| , an d for the analysis of the semiclassical motion 
of charged particles |23 . 



The main physical results obtained in this work are to answer questions (1) and (3) 
in the affirmative. As to question (2), the ground state of H p (a ) is a 'dressed one-particle 
state', which is, for \p\ > 0, contained in the Fock space TC P for all a > 0. However, in the 

5 



limit cr - * 0, it ceases to be an element of H p , unless \p\ = 0. Instead, it is then contained 
in a Hilbert space Tim that carries a representation of the canonical commutation relations 
unitarily inequivalent to the Fock representation, []9], 
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The mathematically precise formulation of the main theorems, is, together with a 
discussion of their physical interpretation, given in Chapter 0. 



1.2. Operator-theoretic renormalization group 

The analytical method that we choose for the study of the above problems is the 
operator-theoretic renormalization group (RG) method developed by Bach, Frohlich, and 
Sigal §, §. 

The renormalization group iteration produces a sequence of effective hamiltonians that 
can be parametrized by points in a certain Banach space. This Banach space consists of 
infinite sequences of 'kernels'. 

The renormalization group iteration is based on a decomposition of the Fock space 
Ti p into 'shells' associated with a dyadic decomposition of the spectrum of the free photon 
hamiltonian. 

In every recursion step, a shell is 'integrated out', or 'decimated', and a rescaling 
transformation zooms the reduced problem to a standard size. The decimation is achieved 
by an application of the Feshbach map. 

In a manner made precise by a variant of Feshbach's theorem for smooth Feshbach 
maps developed by V. Bach, J. Frohlich and I.M. Sigal, [Q, all effective hamiltonians are 
isospectral to one another. In particular, if the ground state vector of any one of them is 
known, the ground state vectors of all of them can be reconstructed. 

Thus, the strategy consists of constructing a long, but finite sequence of effective hamil- 
tonians, for which the last element has a known solution of the eigenvalue problem. This 
is possible because of the infrared cutoff <jq which has been inserted into the interaction. 
Then, by recursively using the Feshbach theorem, the eigenvalues at the bottom of every 
effective hamiltonian, together with the corresponding eigenvectors, can be reconstructed. 
This yields the eigenvalue at the bottom of the spectrum of H p (ao), and the associated 
eigenvector Q[p; cr ]. 



1.2.1. Main problems in the operator-theoretic RG. The problem of renormaliz- 
ing the physical hamiltonian is more difficult than in [2|, §], because the boson form factor 
is assumed to exhibit the physical —^-singularity, and the electron is not confined to a 

compact region of space. The main difficulties are: 

(i) The interaction operator is purely marginal. Analytical control of its radiative 
corrections by resumming perturbation expansions is very subtle and requires considerable 
effort. 



(ii) If the sequence of effective hamiltonians converges it is given by an effective hamil- 
tonian with non- vanishing interaction part, corresponding to a fixed point of the renormal- 
ization map. Unfortunately, the Banach contraction principle is insufficient to prove its 
existence, and the Schauder or Schafer fixed point theorems (which are infinite dimensional 
analogues, and, as a matter of fact, consequences of the Brouwer fixed point theorem), whose 
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application requires the verification of certain compactness properties, imply rather weak re- 
sults. A solution of this problem can presumably be obtained by the development of center 
manifold theorems in operator-theoretic renormalization group theory, but this issue is be- 
yond the scope of the present work. 

1.2.2. New techniques. Further development of efficient methods in the operator- 
theoretic renormalization group is as important for us as the proof of the above physical 
results. Two new main insights are reached. They concern the following issues: 

(I) Gauge invariance of the physical system can, if present, be exploited, in order to 
show that various marginal quantities are, in fact, renormalized identically. To this end, 
we develop an operator-theoretic formulation of the Ward-Takahashi identities, which 
express the [/(l)-gauge invariance of the system. The Ward-Takahashi identities heavily re- 
duce the complexity in the task of simultaneously renormalizing several marginal quantities. 
However, they do not, per se, provide convergent bounds on the latter. 

(II) Control of the renormalization of purely marginal operators in the operator- 
theoretic renormalization group method. The main insight here is that the radiative correc- 
tions of strongly marginal quantities are subject to nearly complete mutual cancellations. 
Consequently, the cumulative radiative correction to a corresponding quantity remains small 
in the scaling limit. 

The cancellations are consequences of important concatenation properties of the smooth 
Feshbach map, which are used to produce identities that interrelate certain quantities Xf., X n 
of key interest at arbitrary scales k, n. To obtain analytical control of these quantities, a 
nested recursion argument is applied. Passing from a given scale n to the scale n + 1, the 
identities between Xo and X n+ \ are determined. Analytical control of X n+ \ is obtained from 
a renormalization group-type sub-iteration at fixed n that 'integrates' the radiative correc- 
tions up to the actual scale, and which only involves the quantities X^ for < k < n. 

Among the various approaches to the above points that are conceivable, we have tried 
to select efficient and simple methods that allow for potential generalizations. 



1.3. Related recent results 



Aspects of infrared divergences in the massless Nelson model that are closely related 
to the results presented here have recently been studied by J. Lorinczi, R.A. Minlos and H. 
Spohn ||19| , ^Ofl , by use of probabilistic methods. Also see |T| and ||. A discussion of the 
dynamics of infraparticles in the semiclassical classical limit of nonrelativistic QED is given 
by S. Teufel and H. Spohn in 



23 



the smoothness properties of the ground state energy are 
required in their work. There has been progress in the scattering theory of massless bosons 
in the Nelson model in work of A. Pizzo [21|, which is to a large extent based on the work of 
J. Frohlich in |9[]. His results require C 2 -smoothness of the ground state energy as a function 
of the conserved momentum. Furthermore, there are new results on this problem owing to 
C. Gerard, 115 . 



Furthermore, recent progress in Rayleigh scattering theory has been obtained by M. 
Griesemer, B. Schlein and J. Frohlich, |Tl], IT3], in which one is concerned with charged 
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particles that are, in contrast to the present case, confined to atoms or molecules. For 
properties of the ground state energy in systems of non-relativistic QED, cf. the recent work 
of M. Griesemer, E. H. Lieb and M. Loss, [|16 
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CHAPTER 2 



THE MODEL HAMILTONIAN 

We introduce a regularized model of a non-relativistic electron propagating in M 3 , 
coupled to the quantized photon field at zero temperature. 

2.1. The physical system 

Writing 

Hei = L 2 (R 3 ,d 3 x) <g> C 2 
for the Hilbert space of a single non-relativistic electron, and 

H f = (£)(L 2 {R 3 ,d 3 k) <g> C 2 ) 0sn 

n>0 

for the photon Fock space, where "® s " denotes the fully symmetrized tensor product, the 
Hilbert space of the coupled system is the tensor product space 

H = Hel ® Hf . 

The factors C 2 account for electron spin and photon polarization. 

Moreover, writing k G 1R 3 for photon momenta, and A G {+, — } for photon polar- 
izations, a* x (k) and a\{k) denote bosonic creation- and annihilation operators, respectively. 
These operator-valued distributions are subject to the canonical commutation relations 

[ay(k'),al(k)\ = (2n) 3 5 x , x/ 5^(k-k') , [a[,(k'),a[(k)} = 0. 

For / G L 2 (R 3 , d 3 k), we define the operators 

a x (f) = [ d 3 ka x (k)r(k) 
a* x (f) = [ d 3 ka* x (k)f(k) 

onHf. There is a unique unit ray, the vacuum vector ftf G Hf, which obeys 

a x (f) n f = 

for all / G L 2 (M 3 , d 3 k). Hf is the closure of the span of all vectors of the form 

i 

with fi G L 2 {R 3 ,d 3 k). 
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2.1.1. Momentum operator and Hamiltonian. The total momentum operator of 
the system is given by 

(2.1.1) Ptot = P d ® 1/ + le, ® P/, 

where P e i and P/ = Ylxl ^k k a* x (k)a\(k) denote the electron- and photon momentum 
operators, respectively. 

Units. We set c = H = 1. The energy will henceforth be measured in units of the bare 
electron rest mass, which, from now on, is set to m = 1. 

The hamiltonian of the system consists of the following operators. 

(2.1.2) H f = V / d 3 k \k\ a* x (k)a x (k) 

denotes the usual hamiltonian of the noninteracting electromagnetic field, in the Coulomb 
gauge. 

The electromagnetic field operator contains an ultraviolet cutoff A, and an infrared 
cutoff ao, which is inserted in order to render the theory mathematically well-defined. A is 
a real number in (2,3), which we keep fixed in the entire discussion. We let k\ denote a 
smooth function with support in [0, A], which equals 1 on [0, 1], and 

(2.1.3) | d x K A (x) | < 2x[ ,A](x) , 

which establishes the ultraviolet cutoff (where xi is the characteristic function of the interval 

Furthermore, let < ao <C 1 denote a positive, but arbitrarily small real number, 
which we let tend to zero at the end of our discussion; R UQ is defined by 

{1 x > a 
x 
— x < a 

for x G R+. As a matter of fact, we could use any function of order 0(x € ) for x < ao, and 
e > 0, as long as it is monotonic, and k cto [o;] > for all x > 0. In fact, a zero of at some 
x > would produce problems in the operator-theoretic formulation of the Ward-Takahashi 
identities, and if R ao were not monotonic, there would be complications in the discussion of 
the renormalization group flow at extremely low scales. 

Other possible implementations of the Ward-Takahashi identities that do not require 



this restriction, but lead to other complications, are addressed in remark |Q . 

The interaction between the charged particle, and the quantized electromagnetic field 
is implemented by the operator 

(2.1.5) 

A /M= E / ( ei ,oK, A]6_ fc ® a* x (k) + e ,iK A]6 fc ® a x (k) 

X=± JR3 y/\k\ \ 

which is linear in the electromagnetic vector potential in the Coulomb gauge, where eu,N[nk, A], 

.cated 
i 



with M + N = 1, are polarization vectors, and n>k = rh- We have only indicated the de- 
pendence of A/((To) on the infrared cutoff, since A is kept fixed. The factor ~ 3 , which 
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usually appears in the definition of A/, is absorbed into the coupling constant, that is, the 
electron charge, ( |2.f .9| ). 

The choice of the Coulomb gauge implies that {eM,N[n-k, +], ^M,N[nk, — ], n-k} is an or- 
thonormal basis in M 3 , for all k and M + N — 1. It thus also implies that 

(2.1.6) P/-A/07,,) = Af(a )-P f . 

The operator &k = with k G M 3 , shifts the electron momentum by k, that is, it acts 
on P ^-eigenvectors in terms of 

©fc \q)ei = \q + k)ei . 

We also define the operator 

(2.1.7) B f (a ) = ! W d*kR ao {\k\)K K {\k\) ( kAeiAnk]X]e _ h ® am + ^ 

x=± Jm* V\k\ \ 

The cutoffs are incorporated in a manner that preserves the [/(l)-gauge invariance of the 
system. This is of great importance for our analysis, since we will make extensive use of the 
associated Ward-Takahashi identities. 

The Hamiltonian that we will consider is given by 

(2.1.8) H M = ~ (p^l/ - gA f ((T )] + |s.B/(<r ) + l d ®H f . 

Due to the cutoffs in the interaction, it is mathematically well-defined. Here, S := (oi, o"2, a^j 
stands for the triple of Pauli matrices, and 

(2.1.9) g 



y/2 (2vr) 3 ' 

where e denotes the bare charge of the electron. Due to the absence of antiparticle produc- 
tion in the non-relativistic limit, there is no charge renormalization (no vacuum polarization 
diagrams) . 

The regularized system is translation invariant, [Pf £, H^] = 0. The Hilbert space TL 
can be written ClS db direct integral 



JspecPtot 

where 7i p are fibre Hilbert spaces associated to fixed values p of the conserved momentum, 
which are invariant under space- and time-translations. That is, the actions of the time 
evolution map e ltH{ao) , and of the space translation map e lx ' Ftot on TL are fibre-preserving. 
Every 7i p is isomorphic to C 2 ®7if. For any fixed value p of the total momentum of the 
system, the restriction of to the fibre TL P is given by the operator 

(2.1.10) H^=H\ Hp = H f + l( p -P f - g A f {a )) + | S • B^o) 

on C 2 ®7if. We restrict the value of p to \p\ < p c , in all that follows. 
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2.2. The simplified model of a spinless charged particle 

In the rest of this work, we will focus on the simplified model hamiltonian H p (ao) 
obtained by omitting the electron spin, that is, by dropping the term involving the magnetic 
field operator. This is justified by the fact that the magnetic field operator has, in the 
absence of cutoffs, a scaling dimension 2. Our later discussion will show that all operators 
with scaling dimensions > 1 are irrelevant from the point of view of the renormalization 
group. Thus, H p (a ) and belong to the same universality class of microscopic theories, 
which justifies the simplification. 

As a preparation for later considerations, we write the hamiltonian in the form 

(2.2.1) H p (a ) = E bare [\p\] + T[O ] + W[0] , 

where 

(2-2.2) E bare [\p\] = ^ + y <A?M % 

corresponds to the classical expression for the ground state energy, except for the Wick 
ordering correction corresponding to Aj(cr ). 
The operator 

(2-2.3) T[O ] := H, - \p\ P l \ + \ (|P)| 2 + |P/I 

where we define 

(2.2.4) O := (H f ,P\,\Pf\) , 

commutes with Hf and P/, and is referred to as the noninteracting hamiltonian. 

In the nonrelativistic limit, the condition that only values of p with \p\ < 1 are con- 
sidered, is natural. For technical reasons, we will impose the more restrictive requirement 
that 

(2.2.5) \p\ < p c , 

for some sufficiently small p c G [^j, 1). This bound can be improved, but there is a physical 
phenomenon which prevents the main results of this work, which are presented in Chap- 
ter |3], to be valid for \p\ > 1. We have already mentioned in the introductory chapter that 
Cherenkov radiation occurs in this limit. This point will be discussed in more detail in 
Chapter ||. 

The bounds 



(2.2.6) (1 - Ipl)^ < T[O ] < Q + Ip^jHf + \ |P,| 

are an obvious consequence of |P||, |P/| < Hf. 
Furthermore, defining 

(2.2.7) O := (H f ,Pl,Pj), 
the operator 

(2.2.8) W[0] = Yl W m,n[°] . 



2 



1<M+N<2 
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is referred to as the interaction hamiltonian. Wm,n denote Wick ordered operators with M 
creation and N annihilation operators, given by 

(2.2.9) W 1 [0] := W m ,n = -g(p-Pf)-A f (a ) , 

M+N=l 

(2.2.10) W 2 [0] := £ Wm > n = Y : A /( a o) : > 

M+N=2 

where P/ = Pjj + Pf, and n p := 

The operators Wm,n are referred to as Wick monomials of degree M + N. Their general 
structure is given by 

w M , N [o] = e / n f[ d%R ^ hl)d%R ^ l) x 



hi 



A (M) jA (iV) " i=l j=l 

(2.2.11) x a\ {M) {k^)w M , N [0;K< M M] a[ (N) (k^) , 

where the integral kernels Wm,n are operators that commute with Hf. 

We have here introduced the following convenient multiindex notation: 

A (M) := (Ax,..., Am) 
kM := (h,...,k M ), 

as we recall, and likewise for and k^ N \ Moreover, 

K (M,N) ;= ( k (M) A (M).~ k (N)^N)y 

and 

M 

i=i 

In cases where we consider the dependence of the interaction operators with respect to the 
interaction kernels, the notation 

(2.2.12) W MtN [[w M!N [z;0;-}}} 

will be used. 

For M + N = 1, we have 

(2.2.13) w lfi [0;z;k,X} = w* 0A [O;k,\] = — g n\(\k\) (p — P/) • €\(k) , 
and for M + TV = 2, by 

^.ofC; k, A, fc, A] = Wq 2 [0; k, A, fc, A] 

(2.2.14) = 5 2 «A(|fc|)« A (|£|)e A (£;) • e*(fc) 
and 

(2.2.15) w ltl [0;k,X,k,X] = g 2 « A (|fc|)K A (|fc|) (e A (fc)* • e^fc) + e x (k) ■ e\(k) 



The interaction kernels and their derivatives with respect to operators and momenta 
are controlled by the following bounds. 
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Lemma 2.1. Let X denote either \p\, \ki\ or \kj\, and let a = (cij)f =1 be a multiindex 
with \a\ = J2 a i — 2- Then, there is a constant C independent of g, \p\, such that if \a\ = 1, 



(2.2.16) 
for M + N 



1, and 



\w M;N [0;k,X] 
I do w m,n[0; k, A] | 
\d x w MtN [0;k, A] | 

w MjN [0;k,X,k,X] 
&oW M ,n[0\ k, A, k, X] 
d x w MjN [0;k,X,k,X] 



< g(\p\ + \P f \)K A {\k\) 

< Cg KA (\k\) 

< Cg XM (\k\) 

< 9 2 K A (\k\) K A (\~k\) 

< C g 2 n A (\k\) K A (\~k\) 

< C g 2 X[ o,A](\k\) X [o,A](\~k\) 



(2.2.17) 

for M + N = 2. Moreover, if \a\ + f3 > 2, where \a\ < 2 and f3 < 1, 
(2.2.18) 

for 1 < M + N < 2. 



%\ d O W M,N 







Proof. These estimates are obvious consequences of the assumptions that were imposed 
on w M n and k a . ■ 



2.3. Scaling and scaling dimensions 

The issue of scaling has key importance in renormalization group analysis of Wilson 
type. The purpose of this subsection is to introduce the scaling transformation. 
For / G L 2 (R 3 , d 3 k), let us consider the unitary transformation 

(2.3.1) (r„/)(fc) = p-'if{ P - l k). 

Lifting T p to the Fock space H p , we obtain a unitary operator U p . 

Let O denote any operator that is homogenous under rescaling of photon momenta. 
The scaling dimension of an operator A is defined as the number d(0), such that 

(2.3.2) Ad Up [A] = U p AU* p = p d(A) A , 

if A scales homogenously under rescaling of the photon momenta. 
The photon number operator 

(2.3.3) N f = J2 I d3k a ^ k ) 

is scale invariant, which implies that d(a\) = Moreover, d[C?( )l = ^ ^ or a ^ r -> anc ^ ^ n ^ e 
limit o"o — > and A — > oo, d[Af] = 1 and d\Bf] = 2. The photon vacuum is scale invariant, 

(2.3.4) Up ttf — Qf V p > . 
This follows by observing that 

= Up a x (k) U* U p Qf 

(2.3.5) = p-^axip-'kjUpQf 
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holds for all A and k. Thus, uniqueness of the photon vacuum implies ( |2.3.4| ). 



2.3.1. Derivatives of scaled operators. The following brief section concerns the scal- 
ing of derivatives with respect to O. Let us assume / to be at least C 2 in O on the Hilbert 
subspace P P H P of TC P , where 

P P = x[0 < H f < p] , 

for < p < 1, and that 

\\daf[0]\\p p n P < c a 
holds for < \a\. The differential operator d@ scales like 

Ad Up [d%u;\ = p-i^g, 

in other words, its scaling dimension is given by — |a|. 
It is clear that 

f[0] = Ad Up [f[0]} 

= u p f[o)u; 

= f[pO] 

is an operator acting on the Hilbert space PiH p , and that 

\\f[o]\\ PlHp = \\f[0]\\p pHp 

by unitarity of U p . For the derivatives of /, we have 

8&f[o\ = d a u p f\o]u; 

= u p (u;d«u p ) f[o\u; 
= u p Ad^mf[o]u; 
= p H u p (d%f{o])u; 

= P W Ad Up [d%f[<D]] , 

because of 

u;d a u p = Adfim = P ^d%. 

Notice that the inverse of Adjj appears here. Thus, 

\\dof[0]\\ Pl n P < P H \\f[0]\\ Pp n P 
(2.3.6) < p^c a , 

since 

Ud Up [d%f[0))\\ Pinp = \\dZf[0}\\ Ppnp , 
again by unitarity of U p . In particular, we emphasize that 

8&f[0\ ^ Ad Up [dy[0}} ! 

The norm of the right hand side on P{H V is bounded by p~' Q ' c a , not by p' a ' c a as in ( |2.3.6| ), 
which is larger than c a if \a\ > 0. Notably, a growth of the bounds on derivatives of this 
kind would have catastrophic consequences for our analysis. 
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2.4. The marginal part: An exactly solvable toy model 

For illustrative purposes, mainly in order to give a motivation for the main results that 
are presented in the next chapter, we now briefly describe a toy model obtained by discarding 
all operators in H p (ao) that are nonlinear in O or Aj(cr ). 

The point is that Hu n , by which we denote the marginal part in H p (ao) (consisting of 
operators with scaling dimension 1 in the absence of cutoffs), can be easily explicitly diago- 
nalized. It comprises only operators with a scaling dimension 1, and shares key properties 
with the full hamiltonian H p (ao). By definition, 

H lm := H f - \p\ Pj + g \p\ A ] \(a ) , 

where aJ|(<t ) denotes the component of the electromagnetic vector potential in the direction 
of the conserved momentum p. As before, this operator acts on the Fock space Ti p , with the 
Fock vacuum given by Qf. The creation and annihilation operators are also as before. 
Diagonalization of H\ in is achieved by the Bogoliubov transformation 



generated by 



2.4.1) = g\p\ J2j /^llf | 'L ( <"i,o[MK(*) - ^i[k,X]a x (k) 



(|fc| - |p|fcll) 
where 

w M)N (k,X) = g \p\ K A (\k\) e l] MN [n k , X] . 

We recall that e^ MN [nk,X] denotes the projection of the photon polarization vector in the 
direction of the conserved momentum p. A trivial calculation shows that 

(2.4.2) e s °o H Un e-^o = E lin + H f - \p\ Pj , 
where 

(2.4.3) E lm = -g \p\ ^ J _ 6j!,iK,A]e^ K,A] 

denotes the ground state energy of Hu n . One can easily convince oneself of 

| d? p \E U n I < 0(g 2 ) 

as long as \p\ < 1, for a = 0, 1, 2, and all a > 0. 

The associated ground state eigenvector is given by 

V[(T Q ,p] = e s °» tt f , 

which can clearly be written in the form 




■■0, = exp| — E / ifcid^i,,,,,)- 1 
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Hence, denning 



w := exp 1 — y — d*i - ipiitii) 2 — 1 ' 



and fixing the projection 
for all a > 0, 

II n[<7 ,p] 




exp( <? H ^ / |fc|(|fc| _ |p|Jfc || ) 2 4iK,A]< K,A] 

In the absence of the infrared regularization, the integrand in the exponent diverges like 
in the limit \k\ — > 0; due to the infrared regularization, there are constants < c, C < oo 
such that 

II tt[a ,p] || > C exp (c g 2 |p| 2 | log <t |) . 

In the limit a — > 0, the vector ^/[o"o,p] leaves the Fock space H p . For every fixed |p| > 0, 
the ground state belongs to a Hilbert space that carries a representation of the canonical 
commutation relations that is unitarily inequivalent to the Fock representation. For different 
values of p, these representations are mutually inequivalent. 

For \p\ = 0, however, it is trivially clear that the ground state is given by Qf G 7i p . A 
slightly more detailed exposition of matters concerning this toy model can be found in T7|. 
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CHAPTER 3 



STATEMENT AND DISCUSSION OF THE MAIN THEOREMS 



The central results proved in the present work are the following two main theorems. 



Theorem 3.1. For any arbitrarily small, but fixed value of the infrared cutoff a > 0, 
and g sufficiently small, there exists a constant p c e 1), such that for all p with \p\ < p c , 

(3.0.4) E [\p\,a ] := inf spec{# p (a )} 

is a unique eigenvalue with an associated eigenvector Q[p; o~o] that lies in H p . E [\p\, cr ] only 
depends on the absolute value of p because of rotational symmetry. Under the normalization 
condition 

(Slf , fi[p;<r ]) = 1 , 
there are constants, c, C > and c', C > 0, such that 

c exp [eg 2 \p\ 2 | log <r |] < || fi[p;a ] f < C exp [C g 2 \p\ 2 | log a \] . 

In particular, this implies that H p (a ) possesses a ground state vector in H p , if and only if 
\p\=0. 

Under the condition that the coupling constant g, and the absolute value \p\ of the 
conserved momentum are sufficiently small, this gives a description of the bottom of the 
joint energy-momentum spectrum of the present system, that is, of the translation invariant 
model of a spinless, massive charge, which interacts with the quantized electromagnetic field. 
In particular, this theorem provides the infraparticle state Jl[p;<To], and demonstrates how 
the infrared catastrophe arises. The next theorem gives us analytical control of the first 
and second derivatives of the infraparticle energy with respect to the conserved momentum, 
again under the assumption that both g and \p\ are small enough. 



Theorem 3.2. Assume that \p\ < p c , and that g is sufficiently small. The ground 
state eigenvalue E [\p\,a ] is of class C 2 with respect to the conserved momentum p, and 



(3.0.5) 



\v\ 



< Oig 1 ^) 



for all do > 0, with a = 0, 1, 2. Furthermore, 

(E [\p\,a ] 



\pI 

2 



< 0, 



that is, the renormalized mass of the infraparticle is bounded from below by the bare mass of 
the charged particle, for all a > 0. 



Let us next comment on the physical interpretation of these results. 
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3.1. The joint energy- momentum spectrum 



Theorem |3. 1| gives the following description of the nature of the joint energy-momentum 
spectrum spec(H(a ),P tot ) of the translation invariant system of a massive, spinless charge 
that interacts with the quantized electromagnetic field, on the Hilbert space 7i = J d 3 p7i p . 
The model hamiltonian H(ao) is obtained by omitting B/(cr ) and the electron spin in 
which is defined in ( |2.1.8| ), and P tot is defined in ( |2.1.1| ). 

In the limit g — > of vanishing interaction, the spectrum consists of the parabola 
= l^j- in the (E, |p|)-plane (where E denotes the energy, and p the conserved momen- 
tum), which borders to absolutely continuous spectrum. Thus, 



spec 



lim H(cto) 

9^0 



tot 



\pI 

2 



P 



\v\ei 



\p\ 2 



is an 



independently of ctq. For every fixed value of p, the infimum of the spectrum, 
eigenvalue with an associated eigenvector given by 

\p)el ® Qf , 

that is, a generalized electron eigenstate of momentum p, tensored with the photon vacuum 
Qf. Its restriction to the Hilbert fibrespace 7i p is simply Qf. 

Turning on the interaction (by choosing some g > 0), at an arbitrarily small, but fixed 

implies that at least for values \p\ < p c of 



value of the infrared cutoff a > 0, Theorem |3? 
the conserved total momentum, 



spec 



H(a ) 



tot 



tot 



< Pc 



f + o ig i 



P 



\P\<PC 



uniformly in ao- That is, the spectrum of the interacting system is, for sufficiently small g and 
\p\, a small perturbation of that of the non-interacting one. According to Theorem ft.l| , the 
infimum of the spectrum is, under these restrictions, still an eigenvalue. The corresponding 
eigenvector, however, is not a small perturbation of the eigenvector at g — 0. Instead, at 
fixed p, with \p\ < p c and g sufficiently small, its restriction to the Hilbert fibrespace 7i p , 
given by Q[p; ao], Theorem [37i] asserts that there exist constants ci, C2, C\, C2 > 0, such that 

Ci exp ( c 2 g 2 \p\ 2 I log ao I ) < || fl[p; a ] f < C x exp ( C 2 g 2 \p\ 2 \ log cr I) , 

if its projection in the direction of Qf, the eigenstate for g = 0, is normalized to the value 
1. Most importantly, the lower bound diverges in the limit <7o — > 0. Consequently, either 
Q[p; do] ceases to have a projection in the direction of Qf, or it ceases to be an element of 
Tip if the infrared regularization is removed. 
In fact, the latter is the case. 

.t. r 1 fl[p;ob] 

corresponds to a generalized coherent state, which is contained in a Hilbert space orthogonal 
to Tip that carries a representation of the canonical commutation relations that is unitarily 
inequivalent to the Fock representation. Both Hilbert spaces are at this point regarded as 
Hilbert subspaces embedded in some infinite tensor product Hilbert space whose construc- 
tion dates back to J. v. Neumann [241. For more material on this issue, cf. for instance |18||. 
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3.2. Dressed 1-particle states 



Physically, the state Q\p; a ] describes a massive, charged particle that is inevitably 
surrounded by a cloud of infinitely many photons. It is usually referred to as an infraparticle 
or a dressed 1-particle state. 

As has already been recognized by Bloch and Nordsieck long ago, ||, the fact that 
the number of soft bosons is not relatively bounded by their energy is responsible for the 
infrared catastrophe. 

To arrive at a better insight into the structure of the problem, let us add a brief remark 
about operator algebraic aspects, and refer to the work of J. Frohlich ||, 10|. Let 21 denote 
the *-algebra generated by {1, a* x (f),a\(g)} for f,g£ L 2 (M 3 , d 3 k). 

A state on 21 is a linear functional 

(3.2.1) u : 21 — ► C 

that is positive and normalized, that is, u>(A*A) > for all A e 21, and o>(l) = 1. 
For fixed a and p, let oj p>ao denote the vector state defined by 

Up,a '■ 21 > C 

A — ► u P ,* (A) = (*[p;ct ] , AV\p;a \) . 

For the related case of the massless Nelson model, J. Frohlich proved in [^] that, in a suit- 
able sense, there exists a well-defined limiting state, lo p (A) = lim^^o w p,o-o (A) for all A G 21, 
and every sufficiently small value of \p\. The Gelfand-Naimark-Segal (GNS-) construction 
associated to the state u p yields a Hilbert space Hp > that carries a non-Fock representa- 
tion of the CCR algebra if \p\ > (that is, a representation of the CCR algebra unitarily 
inequivalent to the Fock representation), together with a vacuum that physically describes 
a dressed 1-particle state. The same fact is expected to hold for the present system. 



3.3. Smoothness of the infraparticle energy 

The fact that the first and second derivatives of the ground state energy of H p (ao) with 

respect to \p\ is close to that of the classical expression £^[W] = i s physically important. 
For instance, this result is highly relevant for the construction of scattering theory according 

to® 



10 , 21 |, or for the semiclassical dynamics of charged particles, [|23|| . In particular, it 



provides a formula for the mass of the dressed particle. 



3.4. Cherenkov radiation 



The fact that Theorems |3.1| and p.2| are only valid for sufficiently small values of \p\ 
is (although improvements on the bounds on p c are certainly possible) not only due to a 
lack of mathematical technology, but also a consequence of the phenomenon of Cherenkov 
radiation. In fact, if |p| approaches 1 (corresponding to the rest energy mc 2 of the charged 
particle, where m is its mass, and c is the speed of light), the infraparticle increasingly tends 
to reduce its kinetic energy by the emission of electromagnetic (Cherenkov) radiation. One 
expects that if \p\ approaches 1, the eigenvalue i?o[|p|> °"o] & t the bottom of specH p (a ) turns 
into a resonance, in the sense of [0, |3[. Clarification of this point is beyond the scope of this 
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text. 



3.5. The proof idea 



The proof of Theorems |3.1| and |3.2| uses the operator-theoretic renormalization group 
method developed by V. Bach, J. Frohlich, and I.M. Sigal in & ^j. The latter is based on 
the recursive application of the smooth Feshbach map and the Feshbach theorem. The 
smooth Feshbach map associates to an operator H that acts on a given Hilbert space H an 
operator H' that acts on a Hilbert subspace H' C H, where, in a sense made precise in the 
Feshbach theorem, H and H' are mutually isospectral. The mapping C[H) — > C[H'], H i— ► H' 
is referred to as '(Feshbach) decimation', since in the language of Wilson's renormalization 
group, it 'decimates' the 'degrees of freedom' in H — H'. 

The Bach-Frohlich-Sigal operator-theoretic renormalization group is a tool aimed at 
the analysis of spectral problems in quantum field theories. In our case, the key issue is to 
study the bottom of the spectrum of the hamiltonian H p (ao), which acts on the Hilbert fibre 
space H p associated to the fixed value p of the conserved momentum. 

The general setup of the method is given as follows. We introduce a dyadic decompo- 
sition of H p , 



Hp = H-i © (0 a ti h) 

\n>0 / 



where 

A n H := X[2-("+ 1 ),2-~][-^/] ftp ) 

and 

'■= X[i,oo)[Hf] Hp . 

Then, the strategy is to employ the smooth Feshbach map to iteratively decimate the degrees 
of freedom of the theory in H-i © Ho © AiH © ■ ■ • © A n H, for increasing n in steps of 1. 
The purpose is to analytically control the decimation of the degrees of freedom associated 
to the Hilbert space X[^oo)[Hf}H p , in the limit fi — > 0. 

We will in fact follow the setup of the Wilson renormalization group, hence a rescaling 
transformation is employed between each application of Feshbach decimation. This has 
the effect that all operators H n obtained in this process act on the fixed Hilbert space 
PiHp = X[o,i][Hf]H p . 

All of these operators are written in Wick ordered normal form 

H n = E H n » 
J'6N 

where is the sum of Wick monomials in H n containing k creation- and j — k annihilation 
operators, for k = 0, . . . , j. In the absence of cutoffs, Hn is homogenous under pure scaling, 
and has the integral scaling dimension j. 

Along with the rapid reduction of the initial Hilbert space, we then observe that un- 
der the concatenation of 'Feshbach decimation' and 'rescaling', which is referred to as the 
operation of 'renormalization', the norms of the operators Hn are reduced by different 
numerical fractions under the rescaling map, the latter depending on their scaling dimensions 
in the absence of cutoffs. If this fraction is smaller or equal ~ \ (up to errors of order 0(g)), 
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we say that Hn is irrelevant. If it is ~ 1, Hn is marginal, and if the fraction is larger or 
equal ~ 2, Hn is called relevant. 

To organize the problem, we introduce a Banach space whose points, denoted by f), 
are in one-to-one correspondence to the operators H n , and a map H from Sj to B(PiH p ), the 
bounded operators acting on P{H V . That is, associated to each H n , there is a point f)( n ) 6 f), 
such that i7[V n )] = H n . We refer to //[f)^ n ^] as effective hamiltonians. 

The renormalization map 1Z is obtained as follows. Let H[fj] denote an effective 
hamiltonian at some given scale, acting on P{H V . From an application of the Feshbach 
map, which is introduced in Chapter f| below, concatenated with a rescaling transformation, 
we obtain an operator H[t)]. Pulling back the map H[f)] h- > H[f)] to f) by way of H : f) — > 
B(PiHp), we obtain the renormalization map 1Z : S) — > f). 

The pair (Sj,TZ) is interpreted as a discrete dynamical system, whose orbits are se- 
quences {t)( n '} n >a, generated by n-fold iterating 71, applied to some initial value The 
index n is referred to as the scale. Thus, the focus shifts away from the 'elimination' of the 
Hilbert spaces A n 7i,, and moves to the study of a discrete dynamical system on a Banach 
space. 

All effective hamiltonians are, according to Feshbach's theorem in the next chapter, 
mutually isospectral at the bottom of their spectra. In addition, the Feshbach theorem pro- 
vides a means to uniquely determine the ground state eigenvector of any effective hamiltonian 
provided that the ground state eigenvector is known for only one of them. 

The very first step, in which the components of H p (gq) in 7i-\ are decimated, 'cali- 
brates' the problem by producing an initial condition t)(°\ Furthermore, //"[fj^] is isospectral 
to Hp(ao) in the sense of the Feshbach theorem. Therefore, if we succeed in finding the so- 
lution of the eigenvalue problem for any of the //"[fj^j's, we can immediately obtain the 
corresponding result for H p (cr ). 

The strategy of our analysis indeed consists of finding a finite scale n ~ N ao , for 
which the eigenvalue problem reduces to a case that has a known solution, and from which 
the quantities of interest can be reconstructed for H p (gq). This is precisely the role of 
the infrared cutoff in the present model; it provides a finite scale N ao < oo, at which the 
effective hamiltonian i^fj^o)] has a purely irrelevant interaction part. For the solution of the 
eigenvalue problem for if [fj^o)], one can use the results of Bach, Frohlich and Sigal |2|, |3|, 
to produce a final condition, from which the ground state data of the physical hamiltonian 
can be reconstructed, basically by backwards iterating the Feshbach theorem. 

The key difficulty in the proof of Theorem is the fact that there are purely marginal 
operators. For their analysis, we first of all invoke an operator-theoretic version of the Ward- 
Takahashi identities of non-relativistic QED to reduce the level of complexity of the problem. 
Then, a nested renormalization group construction is invoked to analytically master their 
renormalization flow. 
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CHAPTER 4 



ALGEBRAIC AND ANALYTIC PROPERTIES OF FESHBACH 
TRIPLES, WICK ORDERING AND THE DECIMATION MAP 

A mathematical tool of extraordinary importance in our analysis is the so-called 
smooth Feshbach map. Combined with the Feshbach theorem, it has, in its initial 
form, been very successfully used in the construction of an operator-theoretic renormaliza- 
tion group for the rigorous analysis of quantum field theories in [2|, |3| . 

The smooth Feshbach map is a variant that uses smooth cutoff operators (in the sense 
of the spectral theorem) instead of projectors. It has been developed by V. Bach, J. Frohlich 
and I. M. Sigal in the presently unpublished work I thank these authors for allowing me 
to use their work for the exposition at hand. 

There are several properties of the smooth Feshbach map of great analytical power. 
The first and foremost one is that of isospectrality, which is the main reason for its use in 
the construction of an operator-theoretic renormalization group. Furthermore, derivations of 
the smooth Feshbach map have a particular algebraic structure that enables us to construct 
an operator-theoretic generalization of the Ward-Takahashi identities in [7(1)— gauge theory. 

In the Bach- Frohlich- Sigal operator-theoretic renormalization group, one considers the 
flow on the Banach space fj, which parametrizes the effective hamiltonians of the theory, 
that is generated by a renormalization map. To this end, we write all effective hamiltonians 
in Wick ordered normal form. This is discussed in detail in this chapter. 



4.1. Feshbach triples and the Feshbach theorem 

We assume a closed operator H with dense domain on a separable Hilbert space TC 
to be given, together with a spectral parameter z G C . Furthermore, we associate an 
operator r[H — z] to H — z, and define u[H — z] = H — z — r[H — z], in a manner that 
Dom{uj[H — z]} D Dom{T[H — z]} are dense in H. 

Let Xi X denote a pair of bounded operators acting on 7i, constituting a C°°-partition 
of unity, 

(4-1.1) x 2 + X 2 = 1 , 

and let 

P & Ran{x} , 
P Ran{x} 

denote the orthogonal projections onto their respective ranges. Likewise, let 

P ± = 1 - P , P^EEl-P 
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denote their respective complementary orthogonal projections. We emphasize that PP L = 0, 
but PP 7^ (and likewise for P). Furthermore, it is, in particular, assumed that any 
commutator between any pair in t[H], X , X, P and P vanishes. 

Let us write H for H — z, to simplify the notation. Assuming that the restrictions 
of t[H] and t[H] + xw[H]x to Ran{P} are both bounded invertible, we may define the 
restricted resolvent 

(4.1.2) R := (r[H] + MH]xV 
on PH. We assume that 

R , R X ^[H}x, X"[H} X R, 

(4.1.3) X u[H\ X R X u[H\ X , X^[H]X 

all extend to bounded operators on H. Hence, the operators 

Q ■= X - X Rxu[H] x , 

(4.1.4) Q» := X ~ X^[H] X RX 

are well-defined. Furthermore, 

F XiT [H] := r[H]+ X cu[H} X - X u[H} X R X u;[H} X 
= t[H] + X ^[H]Q 

(4.1.5) = t[H] + Q*u[H] X 

is a well-defined operator that acts on PH.. F X>T is called the smooth Feshbach map. 

Definition 4.1. The data F XjT ) will be referred to as the Feshbach triple 

associated to ( X ,H). 

Feshbach triples possess a number of miraculous properties. First and foremost, there 
is the property of isospectrality in the following sense. 

Theorem 4.1. The Feshbach triple (Q^,Q,F XjT ) associated to ( X ,H) has the following 
properties. 

i) Isospectrality: H is bounded invertible on H if and only if F XtT [H] is bounded invertible 
on PH. Then, the formula 

(4.1.6) FxAH]' 1 = XH-'X + Xrm-'x , 
relates the respective inverses to each other. 

ii) Projection of eigenvectors: ^ ip G H satisfies Hip = if and only if F X:T [H] X ip — 
0. 

iii) Reconstruction of eigenvectors: ^ £ G PH satisfies F XjT [H]£ = if and only if 
O^QCeH satisfies HQ( = 0. 
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Proof. The proof is reproduced from the preprint j|] by V. Bach, I.M. Sigal, and J. 
Frohlich. 

Next, we observe that, writing F = F X>T [H] in brief, the identities 

HQ = X F, 
(4.1.7) Q 6 H = F X 

and 

F = t[H] + X ^[H]Q 
= r[H] + Q*u)[H] X . 

are satisfied, as can be verified by a straightforward computation using the fact that x 2 +X 2 — 
1. 

(I) Let us suppose that r[H] + ui[H] is invertible. Then, we claim that 

F- 1 = xH-'x + Xr[H]- l x- 
To prove this assertion, we observe that 

[r[H]- l P + (P 1 - riH^Px^H^H-'x] F 

= xrm^xirm+xujmQ) 

+ X H- 1 HQ 
= x 2 + r\H}- 1 [xx ~ X 2 X^[H]R]xoj[H]x 

+ x 2 - xxRxu[H]x 



AH] 



-i 



XX- XX(t[H]+xuj[H}x)R+t[H]xxR 



= p 



X^[H]x 



xxRx^lH] X 



hence the expression in discussion is indeed a left inverse of F. Likewise, one proves that it 
is also a right inverse. Thus, F is globally and uniquely invertible on 7i. In particular, since 
PFP 1 - = P L FP = 0, this also implies the invertibility of PFP on Ran{P}. 

Conversely, let us assume that the restriction of F to Ran{P} is bounded invertible. 
Then, defining 

QF-'Q* + X R X , 



it follows that 



R 



HR = xQ 9 + H X RX 

= x 2 - X 2 UJ[H] X R X + xHRx 

+ x 2 u[H} x Rx 
= x 2 + x 2 
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Likewise, one can prove that RH = 1, hence R— H 1 . 

(II) Assume that vp G H, if) 7^ 0, solves i/^ = 0. Then, 

F X 4> = QtHip 
= 

is satisfied. 

(III) Suppose that <fi G Ran{P}, ^ 0, solves F0 = 0. Then, 



= X F0 
= . 



This proves the theorem. 



In all cases of interest for us, the hamiltonians in discussion will be of the form H = 
T + W, where T commutes with %, while W contains no part that commutes with x, and 
has a small norm bound relative to T. For the construction of the smooth Feshbach map, 
the operator t[H] will be defined in a manner that it commutes with x, as it must be, but 

uj[H] = H - r[H] 

will in general also contain parts of T that commute with x- The following expression for 
the Feshbach map will later turn out to be highly useful, because it conveniently separates 
the terms in F XtT [H] that depend on T and W. 

Lemma 4.1. Let V = T - t[H], and 

IT = 1 - xT'A 

(4.1.8) = P 1 + Pt[H]R , 

where 

R = (t[H\ + xT'xY 1 

on PH. Then, 

(4.1.9) F XtT [H] = r[H] + X T'U X + X^(W - WRW)U X , 
where clearly, [II, x] = [n, x] = 0. 

Proof. Using the second resolvent identity 

R = Ro - RoxWxR 

(4.1.10) = Ro - RxW X Ro , 

and 



u[h] = r + w , 
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straightforward calculation shows that 

F XtT [H\ = r[H] + X T'x + XW X 

= r[H] + X T'X - xT'xMT'x 

+ xWx - xWxRxWx 
-xWxRoxT'x - xT'xRoxWx 

+ xT'xRoxWxRoxT'x 

+ xT'xR xWxRxWx + xWxRxWxRoxT'x 
- xT'xRoxWxRxWxRoxT'x 

= r[H] + X T'x - xT'xRoXT'x 
+ X (l - xT' X Ro)W(l - xT' X Ro)x 
(4.1.11) - X (l - xT'xRo)WRW(l - xT' X Ro)x ■ 

This proves the claim. ■ 

4.2. Derivations 

Next, we consider derivatives of the smooth Feshbach map with respect to scalar and 
operator-valued variables, and of its commutators with respect to operators and opera- 
tor valued distributions. These are cases of derivations, and are collectively governed by 



Lemma 4.2, and Theorem 4.2 below. 



Lemma 4.2. Let T> denote a derivation on the bounded linear operators on 7i. That 

is, 

V[AB] = V[A}B + AV[B] 
V[XA + iiB] = XV [A] + fiV[B] 

(4.2.1) V\l] = , 
for all A,B£ £[H\, and all X, /i G C. Then, 

V[F x , T \H-z}} = V[r[H\] + xu[H]xRV[t[H]]Rxu>[H] X 
+ Q*V[u[H}}Q 

+ V[ X ](H-z)Q + Q*(H-z)V[x] 

(4.2.2) - 2xu;[H] X R^r[H]Rxu;[H]x 

X 

if'V[x],x, and t[H] are pairwise commutative. 
Proof. Let us first of all note that since 

R = rlH]- 1 - t[H]- 1 xuj[H]xR 

(4.2.3) = rlH]- 1 - RxcuimxrlH]- 1 
(the second resolvent identity), and 

[V[x],r[H]) , [V[x],x] = 0, 
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the operator formally written as 



X 

has a well-defined meaning. 

Next, for any invertible operator A, 

VIA' 1 ] = -A^V^A' 1 , 

from = V[l] = V[A A^ 1 } = iD^ 1 ] + V[A] A' 1 (and acting from the left with A' 1 ). 
Thus, 

V[R] = -R(V[r[H]] + X V[lo[H]}x) R 

(4.2.4) +R(V[x]uj[H}x + X^[H] V[ x }) R , 
and recalling that 

F X;T [H) = r[H] - z + X"[H}x- X"[H] xRxu[H) X , 

one finds 

V[F X , T [H\] = V[r[H]] 

+ Xco[H}xRV[t[H}}R X lo[H}x 
+ X V[uj[H]]x 

-XV[uj[H})xRxuj[H}x - x^[H]xRxV[lo[H}} 

+ X u[H]xRxVHH]]xRxoj[H]x 

+ V[ X }HQ + Q*HV\x\ 

- X u[H] (v[ x ]Rx + xRV[x}) u[H]x 

(4.2.5) - X co[H)xR (V\x]lo[H]x+ x^[H]V\x\) Rx^[H] X - 

The terms involving X>[r[if]] and T>[x] are already in the form asserted in the lemma. The 
four terms involving X> [a; [//"]] are easily seen to combine into 

Q*V[uj[H]]Q. 

The terms involving T>[x] can be treated as follows. The last line of ( f4.2.5|) is the sum of 
two terms, one of which is given by 

X u;[H} X R-^-Xu;[H]xRxu[H]x = x^[H]xRV[x]AH]x 

- x^[H]xR^-r[H]R X uj[H]x. 

X 

The first term on the right hand side of the equality sign cancels one of the two summands 
on the second last line of ( |4.2.5|) . The same argument applies to the terms on the two last 
lines of ( |4 . 2 . 5| ) that have not been considered yet. Therefore, the terms in ( |4.2.5|) that 
involve T>[x] combine to 

-2 X oo[H]xR^-r[H]Rxuj[H]x. 

X 

Applying the second resolvent identity ( f4.2.3|) to the operators R, one readily arrives at the 
claim of the lemma. ■ 
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Theorem 4.2. Let T>, V denote derivations as in Lemma Then, if 

P (,) [x],x] = o 

and 

V^[r[H]] = 0, 

then 

(4.2.6) V[F XiT [H\] = Q*V[u[H]]Q 

on H. Furthermore, 

&[V[F XtT [H - z]]] = g 8 V'[V[H-z\] Q 

- Q^V'[uj[H}} X RxV[uo[H}}Q 

(4.2.7) - QtV[u>[H]]xRxV'MH]]Q 

on 7i. In particular, if T> = d x for X denoting some (possibly operator valued) variable, 
satisfying the above conditions, 

(4.2.8) d x [F XtT [H]] = Q*d x [H]Q 

on 7i, and if H is analytic in X on 7i, then F XiT [H] is also analytic in X on PTi. 

Proof. Formula ( |4.2.6|) follows directly from Lemma |4.2j . 
Next, by use of Lemma |4.2| , and ( 4.2.6| ), we obtain 

V'[V[F X>T [H - z]]] = V[Q*V[H\Q] 
= Q^V'[V[H]}Q 

+ V[Qt]HQ + Q^HV'IQ] . 

Inserting 

V[Q] = xRxV\u[H]}Rxu[H}x- xRxVHH]]x 
= -xRxV[H]Q, 

using that £>[u; [.£/]] = T>[H] and T>[x] = V[x] =0 for the special case under investigation, 
and likewise for T>' and Q", we arrive at 

V'[V[F X!T [H]\\ = V[Q*V[H\Q] 

= Q^V'[V[H]}Q 

-QtV'[H]xRxV[H\Q 

-Q*V[H] x RxTy[H]Q. 

This implies ( |4.2.7| ). 

The assertion about analyticity follows from the following argument. Let H be analytic 
in X = Xr + iXj, where the subscripts 'R' and T denote the real- and imaginary parts, 
respectively. That is, with X = Xr — iXi, H is differentiable with respect to X, and 

d x H = . 

Thus, using ( (4.2.6Q , F X)T [H] is differentiable in X, since 

(4.2.9) d x F XjT [H] = Qt(d x H)Q, 
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where by assumption, dxH exists and is well-defined, and 

dxF XiT [H] = QHdxH)Q 
(4.2.10) = 

implies that F XtT [H] is analytic in X. ■ 

The following theorem is central for the operator-theoretic Ward-Takahashi identities 
considered later. 



Theorem 4.3. Let T>i, i — 1, . . . , m, denote derivations obeying 

V t \x] , Vi\x] , Vi[T[H\] = 

on Dom[Vi[P]] D H, for all i. Furthermore, let hj, j = 0, . . . ,m, denote linear mappings 
C[H] — > C[H] which leave C[PTC] invariant, such that 

hj\ PH [Q^AQ] = Q^h^AlQ 

holds for all j and A G C\H\. Then, defining V = 1, the relationship 

(4.2.11) Y^hiiViiH]] = 

i 

implies that likewise, 

(4.2.12) E^M^™ = 

i 

is satisfied. 

Proof. Defining X> := 1, we have 

J^hAV^lH]]] = Y^hi[Vi[F XtT [H]]] 

i 

= J2 h *lQ iv MH])Q] 



i>0 



i>0 



J>0 



= q« [^MfiHfl]]]] Q 

(4.2.13) = , 

as claimed, since by assumption, T>i[H] = Vi[u[H]]. 
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4.3. Concatenation rules 

Let us in this section formulate the concatenation rules for the consecutive action of 
the elements of a Feshbach triple. 

For two mutually commuting tuples of cutoff operators (xi, Xi), * = 1) 2, with 

X1X2 = X2, 

the relationship 

(4.3.1) + X 2 {r 2 (F XuTl [H])- 1 - r 2 {H)- 1 ) X 2 

follows immediately from the inversion formula ( |4.1.6|) for smooth Feshbach maps. Thus, 
the following theorem is clear. 

Theorem 4.4. The concatenation rule 

F X2,T2l F xi,Til H ]] = F X2tT2 [H) 

holds if 

r 2 [F XUT1 [H\] = r 2 [H] 

is satisfied. 

We will use this theorem in the following way. In the course of the operator-theoretic 
renormalization group, the situation will be that we successively determine F XlT1 [H] and 
F X2jT2 [F XuT1 [H]], where T\[H] and T 2 [F XuT1 [H]] are defined in a prescribed manner. Thus, 
defining t 2 [H] = t 2 [F XuTi [H]] , we obtain F X2tT2 [H], which, according to the above theorem, 
corresponds to the concatenation of the two 'intermediate' smooth Feshbach maps. The 
intention will then be to prove certain algebraic identities satisfied by F X2iT2 [H] that are 
important for the renormalization of the strongly marginal operators. The quintessence 
is that F X2jT2 [H] is independent of the parameters in F Xl)T1 [H]. Hence by exploiting the 
concatenation property, we control the cancellation of the latter. 

For the operators Q\ Q, the following composition rules holds. 

Theorem 4.5. The composition laws 

Qxi,ti[H\Q X2iT2 [F xut1 [H\] = Q X2 ,r 2 [H] 
(4-3.2) Ql,^,n[H}}QL-n[H} = Q X ^[H] 

hold if T 2 [F xltT1 [H]] = t 2 [H]. In particular, 

A Qx2,r 2 [H] = AQ X2)V2 [F X1>T1 [H]] 
(4-3.3) QlJH)A = Q[ 2 , T2 [F X1 , T1 [H]]A 

for any operator A that satisfies A%i — 0. 

Proof. Assume that H is invertible. From the general formula 

HQ X , T [H] = X F x ,r[H] 
(4-3.4) Q X ,AH]H = F X , T [H] X 
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follows that 



H Q X 2 ,r 2 [H] = X2F X2 , T2 [H] 

= Xi F X1>T1 [H] Q X2 , T2 [F XUT1 [H]} 

= HQ X1>T1 [H) Qx2,tA F xi,tA H \\ j 

using X1X2 = X2, and likewise for Q*. This implies the assertion. The fact that ( f4.3.3|) holds 
if Axi = is immediate. ■ 



4.4. The Wick ordered normal form 

In the given problem, we will exclusively study operators that can be represented as a 
series of Wick ordered monomials. In the case of the physical hamiltonian, 

(4.4.1) H p (a Q ) - z = T[O ] - z + £ W M , N {0] 

1<M+N<2 

on the Hilbert space 7i p . The significance of the operators on the right hand side has already 
been explained in Chapter An essential fact is that there is an estimate 

(1 " H) H, + i|P/| 2 < T[0] < (1 + \p\)H f + \\Pfl 2 . 

As will be shown later, the interaction is relatively bounded with respect to T[0]. 

The situation that we will typically encounter in the renormalization group analysis, 
is that we are given an operator of the form 

(4.4.2) H[z] = T[z;O ] - z + £ XiW MtN [z;0] X i 

M+N>1 

on the Hilbert space PiTi, p = X [Hf < l]Ti. p , which we refer to as an effective hamiltonian. 
(We recall the notations Oq = (Hf,P\, |P/|), and O = (Hf,T?\,Pf)). Xi is, in the sense of 
the spectral theorem, given by a smooth operator- valued function Xi[Hf), with suppjxi} = 

[0,1], 

xi + xl = 1 • 

In addition, Xi[ x \ = 1 if G [0, |], and Xi[ x ) is strictly monotonic if x G (|, 1]. The terms 
appearing in ( [4.4.2|) are defined as follows. 

(I) The parameter z is a complex number in the vicinity of the origin in C (assuming 
that £^fe are [|p|] is set to zero), and appropriately picked so that in all of our intended appli- 
cations, the Feshbach map is well-defined. 

(II) The operator T[z; Oq] denotes the noninteracting part of H, and commutes with 
Hf. It can be written as 

(4.4.3) T[z;O ] = H f + a[z] X i Pj Xi + XiT n -i[z;O ]xi , 
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for a[z] G C. The operator T n ^i[Oo; z] is 0(Hj) in the limit Hf — > 0, of class C 2 in the 
variable Hf, and analytic in Pj. In the cases to be considered, the values of the coefficient 
a [z] are such that relative bounds 

(4.4.4) ~/H f < T[z;O ] < TH f 

hold on P\H P for some < 7 < 1, and r > 1, if z is appropriately picked in R. 

(Ill) The operator Wm,n[z] O] denotes the interaction term of degree M + N > 1 in 
H[z], as we will say. It is a Wick monomial of the form 

w M , N [z-,o] = e / n n ^ ^ — ^ D >< 



hi 



\(M)~\(N) " 1=1 j=l 

(4.4.5) x a* (M) (£ (M) ) O; ^ {M,A °] a| (JV) , 
containing M creation, and N annihilation operators, where 

a > o-q 

is referred to as the running infrared cutoff. 

We recall the following multiindex notation: 

A (M) := (A l5 ...,A M ) 
:= ( kl ,...,k M ), 

as we recall, and likewise for and k^ N \ Moreover, 

K (M,N) . = ^(M) )A (M).^)^(iV)j i 

and 

M 

i=i 

In cases where we consider the dependence of the interaction operators with respect to the 
interaction kernels, the notation 

(4.4.6) W M ,N[[w MtN [z;G;-]]] 

will be used. 

The integral kernels ('interaction kernels') 

w M , N [z; O; K^} 

are operator valued C 2 -functions of O, and commute with Hf. They are fully symmetric 
functions with respect to the photon momenta ki, . . . , ku on the one hand, and ki, . . . , kjy, 
on the other hand. Furthermore, they are of class C 1 with respect to \ki\, \kj\, z, \p\, and 
analytic in P/. 
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4.4.1. Derivatives with respect to scalars and O. Derivatives with respect to com- 
plex scalars of the Wick ordered operators H = T + \i Wm,nXi are defined in the obvious 
manner. 

Derivatives with respect to components Oq and O are given as follows. The appropriate 
definition of dorWM,N[z; O], compatible with the operation of Wick ordering, is given by 

d D rW M ,N [[wmA z > °'i '] ]] = W m,n [[dorW MjN [z; O; ■} }} , 
that is, the derivative acts directly on the integral kernel of Wm,n- One then straightfor- 
wardly verifies that 

dor : ( /„[*; 0]W MuNl [z; O] ■ ■ ■ W Ml , Nl [z- 0}f L [z; Q\ ) : 
(4.4.7) = : d r ( f [z; 0]W Ml , Nl [z] O] ■ ■ ■ W Ml , Nl [z; 0}f L [z; O] ) : 

holds for all C 1 -functions fi[z; O], which commute with Hf. The expression on the second 
line is evaluated by using the standard product rule, under preservation of the order of op- 
erators in the product. 



4.5. (Smooth) Feshbach decimation 

It is an important fact for the Bach-Frohlich-Sigal operator-theoretic renormalization 
group that for a given effective hamiltonian H[z] in the Wick ordered normal form ( [4.4.2 ), 
which acts on the Hilbert space 7i, its smooth Feshbach image F XiT [H [z]], which acts on 
P7i C 7i, can, for a unique choice of r[if [z]], again be written in Wick ordered normal form, 
but under a modification of T and wm,n- The process in which this Wick ordered expression 
for F Xj7 -[i7[^]] is generated is called Feshbach decimation. 



4.5.1. Definition of the smooth Feshbach projection. The first step in the defini- 
tion of the smooth Feshbach map consists of determining an appropriate operator t[H]. To 
this end, we notice that the operator Hf — z differs from the other operators occurring in 
H[z] by the fact that it is not cut off by operators xi from the left and right. To preserve 
this property, we assume that 

t[H[z]] = (l + A Hf [z])H f - z + AE Q [z] 

for unknown scalars Ajj , [z] , AE [z] , which remain to be determined. 
Then, with 



X 



X P Xi 



we have 

(4.5.1) 
where 



[H[z] 



u[H[z\] 



and 



R 



] = r[H[z\] + Xp u[H[z]}x P 

-X P u[H [z]} XpRx P u [H [z]} x P 

A H J [z] Hf - AE [z] 

a[z]P) + r n _,[*;0 o ] + W[z;0} 

[r[H[z]] +Xp^[H[z}}xpr 1 
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+ Xi 



Xi 



on PH. 

4.5.1.1. The correction of z. The number A-EqN is determined by the condition that 

(F XpjT [H[z]]) Qf = AE [z] - z . 

This implies that 

Xp [-AE [z] - u[H[z\\ Xp Rx P u[H[z\\} Xp 
has a vanishing ^-expectation value, that is, 

(4.5.2) AE [z] = - (W X pRx P W) nf , 

where the right hand side depends on AEq via R. 

4.5.1.2. The coefficient of Hf. The quantity Ajfjz] is obtained from 

(d Hf F XpjT [H[z]]) Qf = l + A Hf [z] . 
This implies that the Wick ordered expression for 

X P [- A Hf [z] H f - u[H[z]]x P RxM H [z]]] X P 

contains no term proportional to xpHfXp, so that the term linear in Hf is given by (1 + 
Afj f [z])Hf. Let us next derive the implicit relation that determines A^fz]. 

Lemma 4.3. Let 

z' = (d Hf F XpjT [H[z]}(z - AE ))n f . 

Then, 

(d Hf F Xp AH[z]]) nf = {Q\l + d Hj .(T n _ l + W))Q) ns 

(wxR^{Hf - z')RxW^ 

Proof. Application of Lemma |4.2j yields 

l + A Hf [z] = (d Hf F Xp , T [H[z]]) nf 

= (l + A Hf [z])(l + (WxR 2 xW) nf 

- A Hf [z) (i + {WxRx 2 RxW)^ f 
+ (QKd Hf (T n „ l + W))Q) nf 

(4.5.4) - (wxR^t[H[z}}R X w) , 

\ X /n f 
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X 

1 



(4.5.3) x ( 1 - (WxRx 2 RxW) nf + ( WxR-^(H f - z')R X W ) 



which can be straightforwardly converted into 

(QKl + d Hf (T n . l + W))Q) nf 
{d Hf F Xp!T [H[z))) nf - i _ {w - Rx2R - w) ^ 

(w X R^fr[H[z}}R X w) 
(4.5.5) -— - V ' 



l - (W x Rx 2 RxW) nf 
With 

z' = (d Hf F XptT [H[z}}) nf (z - AE ) , 

we thus have 



(d Hf F XptT [H[z]]) Qf = {Q\l + d Hs (T n „ l + W))Q) 

- (W X Rx 2 RxW) nf + (w X R^{H } - z')R X W 
which proves the claim. ■ 



4.5.2. Neumann series expansion. Feshbach decimation is achieved in two steps: 

1) Expansion of R in F x r [iJ[2;]] into a Neumann series. 

2) Application of Wick ordering to the resulting expression. 

In Chapter [7|, we will apply the smooth Feshbach map to the physical hamiltonian 
Hp(a ). In that case, the Hilbert space is given by TC = TC P , and F XlyT maps it to an operator 
acting on the Hilbert subspace P{H P . Xi is a smooth function of Hf, with spectral support 
[0,1], and in possession all properties required for the construction of F XltT [H p — z\. In 
all subsequent applications of the Feshbach map, discussed in Chapter || Ji — P{H p) and 



P = P p , with p 



We will here discuss the decimation map for the latter cases. For 



H p (a ), the arguments are fully analogous, and will be demonstrated in detail in Chapter [7]. 

Let us assume an effective hamiltonian H [z] of the form ( [4.4.2|) to be given, which 
shall act on P\H p . 

Step 1) of Feshbach decimation is obtained as follows. Let T 1 = T — t[H[z}], and 

Ro[z] := (t[H[z]\ + XpT'Xp)' 1 
on P7i p . Expansion of R[z] in F x T into a Neumann series yields 



R[z] 



Rl 



E 

L>0 



Rl[z}xW[z- 0}xRl 



Rn 



(for an appropriate branch of the square root if z has a nonzero imaginary part), which is 
absolutely convergent if the estimates 



Ri[z)xW[z;0}xPi[z) 



Rl[z\ X u[H[z]\x 



(4.5.6) 



XUj[H[z]]xRl[z} 



< 1 



are satisfied (the norms are evaluated on 7i, not on P7i). Using ( |4.4.4|) , these estimates are, 
for appropriate values of 2, indeed true. This is demonstrated in detail in Chapter [?| for the 
first application of Feshbach decimation, and in Chapter |] for all other applications of it. 



;5* 



It is thus clear that defining 

X ■= XpXi , 

and using Xp Xi — Xpi one can write 

F XpjT [H[z}} = r[H[z}} + Xp riL Xp + Xpu[H[z]]Xp 



]T(-i) L Xp~nw MuNl xR 



x ■■■ 



L=2 l<Mi+Ni 

i=l,...,L 



(4-5.7) ■■■ x Wm^Nl-x X Ro xWm l ,n l n x P , 

where the operator II is defined in ( [4.1. 8| ) . The next issue is to Wick order this expression. 



4.5.3. Wick ordering. Applying Wick ordering to each summand in the Neumann se- 
ries ( [4.5.71) f° r every fixed value of the summation index L, and collecting all Wick monomials 
that are equal in the number of creation and annihilation operators, we find 



V p [H[z\] = (1 + A Hf [z])H f - z + AE [z] 

+ (a[z\ + Aa[z]) X pP ll f Xp 
+ X P (T n -iR + AT n _j) x P 



(4.5.8) + Xp[ U W W 11 + AW ^ I *p • 

M+N>1 \ J 

The operator T> p denotes the concatenation of the Feshbach map with Neumann series ex- 
pansion and Wick ordering, and is referred to as the Feshbach decimation map. Pulling 
X p from the left and right through the creation and annihilation operators in Wm,n+^Wm,n, 
one observes that 

M 

1=1 

N 

is satisfied by the momentum space arguments. Therefore, their support is contained in the 
simplicial subset 



(4.5.9) {(h,...,k M )E M 3M ,(^..,^6 ^ 



M N 



ki\ , ^ \kj\ < 1 



i=i j=i 



of ]R 3 ( M+Ar ). In particular, this shows that every photon momentum appearing in an inter- 
action kernel of any effective hamiltonian always lies in a unit ball around the origin. 

For any partitioning of the set {1, . . . ,m + q} into two disjoint sets consisting of m 
respectively p elements, and of the set {1, . . . , n + q} into two disjoint sets consisting of n 
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respectively q elements, we define the operator valued function 



X [JJ d 3 ^ K a (\ Xj \) \xj\-*) x 



Xi K, a {\Xi\) \Xi\ 2 I X 



(4.5.10) 



The integral kernels are totally symmetric functions of the photon momenta. Hence, each of 
i 'h. \ 11 J possible partitionings produce the same operator W™^ n . 

The integral kernels Awm,n of AWm.jv are given by 



Aw M)JV [...] = - ^(-1) L ^ ^E^^^Ei^i x 



L=2 



2>M i +N i >l 

i=l,...,L 



(4.5.11) x jf[ ( ^ + * ) ( * + * ) £ L [{rn,n,p,q};z;0;K^} 

with Mj := rrij + pi, and iVj := rii + g^, m := (mi, . . . , m^), etc., and M := \m\ := m,i, 
N = \n\ = X] n i- Furthermore, 



(4.5.12) £ L [{in,n,p,q};z;0;K^] = (UW^xMW, 



mi,ni 

pi, qi 



0,sym ' 



is defined as the expression 



Sym m , n < n 



s (m lt ...,m L ) . z 



TJ/'mi,ni 
Pl>9l 



g(m 2 ,~.,m L )Q. z _ ^(mi,ni) 



X 



x X^oX 



rt(m2,...,mi;ni)-n . 
O x L/q, 2; 



n 



5 



(m,...,n L ] 



O-z 



where Sym m n fully symmetrizes its argument in all M = \m\ momenta associated to creation, 
and all N — n momenta labeling annihilation operators, but not among one another. 
The shift operator S x is defined as follows. Let 



X = (X L ,X\X*) E Spec{(H f ,P},Pj)} 



[0,1] x [-1,1] x ^(0) 
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denote the spectral variable associated to (Hf,Pi,Pf), where -Di(O) 9 X 3 is the unit disc 
in M 2 . The shift operator g^ ll ^^'' mL ' ni '"'' n <- 1 ^ j s defined by 

S x : H f i > H f + 2J%| + 2^ 1^1 + X ' 

i=« i=i 

p. H P ; + f fc ii + gi« + A . 2 , 

(4.5.13) .— > + + ^ fcj + X 3 . 

The operators AT and Awm,n correspond to the respective radiative corrections of T 
and wm,n under Feshbach decimation. For a more detailed exposition of issues concerning 
Wick ordering, we refer the reader to the appendix of Q3|. 



Definition 4.2. If the expectation value El in ( \(.5.1<\ ) exhibits an indexi 6 {1, ... , L}, 
so that Pi ytz or q t ^ 0, it is called a loop contribution. Otherwise, if Pi = = for all 
i, it is called a tree level contribution. A momentum which labels a creation or annihi- 
lation operator within the expectation value is called an inner momentum (indices Pi,qi). 
Otherwise it is called an external momentum (indices m^rii). 



4.5.4. Estimates on ||| Sl\ • We remark that for any Borel function / £ L°°(spec(9), 

(4.5.14) < = 

since shifting O corresponds to a translation of the support of / in specO, which, of course, 
does not increase the supremum of |/| in specO. 
Therefore, ||| £l\ can be estimated by 

L 

(4.5.15) \\s L \i < uniHi^of- 1 n Infill > 

i=l 

whenever the norms on the right hand side are finite. 
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CHAPTER 5 



THE OPERATOR-THEORETIC RENORMALIZATION 

GROUP 



In this chapter, we introduce the detailed framework of the operator-theoretic renor- 
malization group developed in p|, |3[ . 

The setting of any renormalization group construction generally comprises a space 
whose points, denoted by I), parametrize the physical system at hand (coupling constants, for 
instance, or operators in the present case). There is always a natural scale that characterizes 
the given problem (an energy or momentum cutoff, for instance). Considering the dependence 
of f) G f) with respect to this scale, and varying it in discrete steps, a dynamical system is 
obtained on f), whose flow map is referred to as the renormalization map 1Z. The fixed 
points of this flow correspond to macroscopic universality classes of microscopic theories. 

In the present case, is a Banach space of function sequences, whose points define 
certain bounded operators on P\H P . The renormalization map 1Z is obtained from concate- 
nating three distinct operations, the decimation map V p introduced in the previous chapter, 
a rescaling transformation S p , and a redefinition Z of the spectral parameter z. T> p removes 
all photon states with energies in the interval [p, 1] by use of the Feshbach map, for some 
fixed real number < p < 1. 



5.1. The Banach sequence space of Wick monomials 

Let us now give a detailed definition of the parameter space S) of the present system. 
All effective hamiltonians that we consider can be written as a series of Wick monomials 



H[z] = T[z; O \ - z + 



M+N>1 



where 



/ 



T[z; O ] = H f + xi 



XiW m ,n[ z > °] Xi 
\ 



a[z)P\ + T n ^[z;O 



\ 



=T'[z;O ] 



Xi , 



which is precisely of the form introduced in and after ( 4.4.2 ), and acts on the Hilbert space 

z is the spectral parameter that emerges in the definition of the Feshbach map, and is 
picked in a 0(g)-vicinity of {0} G C. 

As before, T[z; Oo] denotes the noninteracting part of H[z], and commutes with Hf, 
and Wm,n[z; O] accounts for the interaction operator of degree M + N > 1, which contains 
M creation, and iV annihilation operators. We refer to Section O for their precise definition. 

All effective hamiltonians H[z] that emerge in the renormalization group construc- 
tion are elements of B(PiH p ), the bounded operators on PiH p , and exhibit this structure. 
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Therefore, we introduce a Banach sequence space 

S) = C © X © 2U 

with 

= 2Um,tv , 

M+iV>l 

whose points shall parametrize operators of the form H[z\. 

The building blocks of the space ,fj are thus given as follows. 

(i) C is the space of spectral parameters z. z is picked in a 0(g)-vicinity of the origin 

in C. 

(ii) By definition of O = (if/, Pj}, \Pf |), 

Spec{O } = [0,1] x [-1,1] x [0,1] . 

The space 

X = C 2 (Spec{C }) x C\C) 

parametrizes the noninteracting hamiltonians. 

Let a = (Q!j)? =1 denote a 3-component multiindex, with ojj G {0, 1,2}, and 

\a\ := . 

For F = (F*) 3 =1 , where F* can be either a scalar or a vector, let 



We introduce the norm 



T||| := sup sup \d^T[z;Y] 
H=o,i,2 yeSpcc{o } 



on X, where T e X. Evidently, (X, ||| • ||| ) is a Banach space. 

(iii) Clearly, for O = (H f ,P l \,Pj), 

Spec{C} = [0, 1] x [-1, 1] x £>i(0) 

on PiHp, where £>i(0) 3 F 3 is the unit disc in R 2 . 
The space 

(5.1.1) 2Bm,tv := C 2 (Spec£>) x C\C) x C^JR 3 ^ x Cjj^(R 3JV ) 

parametrizes integral kernels of degree M + N > 1. Cg J/rri (R 3M ) is the space of continuously 
differentiable functions / : R 3 x • • • x R 3 — > C which are invariant under permutations of 



M 

the M factors. 

Let ct again denote a 3-component multiindex. We introduce the norms 
|||wm,jv||| := SU P SU P I w m,n[z\ Y; K {m ' n) ] I 

yeSpec{O } K( M ' N ) 
44 



and 



W M ,N\ 



(0 



£ I d^w MjN [z;Y;K^} 



is a 



for wm,n ^ 2Um,tv- For every fixed value of M + N and £, the pair (QBm.tv, ||| 
Banach space. In particular, ||| • ||| = ||| • ||| 

Thus, a point in fj is a sequence 

f) = (z,T, {w m ,n}) G • 

Next, we introduce a map H : 5j — > C(PiH p ), the linear operators on P{H V . Its action on 
() G fj is given by 

H : f) i — > T[z;Oo]-^+ ^ ^ [K/,7v[^; O; •] ]] Xi , 



M+AT>1 



where 



W M:N [[w M:N [z;0;-}]] := 



(5.1.2) 



A(«),A(") i=l V jf=l 

x a* (M) (fcW) WM> iV [z; 0; 4 (JV) (^) 



is the same as the expression ( |4.4.5| ) , if cr < 1 holds for the running infrared cutoff. 
Otherwise, we let 

W m ,n [[w M>N [z; O- ■] ]] := W M , N [z- O] 

. M N 

= j2 n d * ki n ^ v i^'i x 

\(M)~ X (N) J 8=1 J=l 

(5.1.3) x a* (M) (*M) ^ [*; C; ^ (MlA °] 4 W (*W) 



if a > 1. 

Conversely, every interaction operator Wm,n of the form ( |4.4.5|) uniquely defines an 
associated interaction kernel wm,n in %8m,n- This correspondence is obtained by simply 
reading off the respective components of the Wick expansion of a given effective hamiltonian 
mH{Sj). 

Thus, the inverse of H is given by 



(5.1.4) 



H- 1 



T[z;O ] - z + XiW M)N [*lO] 



Xi 



M+N>1 



{z,T,{w m ,n}) ■ 
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5.2. A polydisc of effective hamiltonians 

For the spectral analysis of H p (a ), we consider the flow generated by 1Z on a certain 
Banach subspace of fj, defined as follows. 

Let e, £ be small, positive numbers. The polydisc 2J e ^ C fj consists of all P) = 
(z, T, {wm,n}) £ ■£) possessing the following properties. 

(i) The spectral parameter z is contained in [—6,0] C ffi. (it is picked real !). 

(ii) The function 

T[z;-\ : Spec{£> } — > K 

obeys the bounds 

III r lll < 2 , 

and can be decomposed into 

T[z;O ] = H f + a[z]xiPfXi + X\T n -i[z\ O ]xi , 

where the operator T n _i contains all terms in T that are O(Hj) in the limit Hf — > 0. In 
particular, T[z; Oq] is analytic in P f. 

(iii) For each value of M + JV > 1, 

III ,i. Ill ( 2 ) <r e fiM+N 

III ^Af, V II S 6 ^ 

We recall that the definition of ||| • ||| involves derivatives up to second order with 
respect to the spectral parameters associated to O. 

H maps to the bounded operators on P{H P . This is a consequence of the following 
lemma. 

Lemma 5.1. For fixed M + N, 

\\W m ,n[[^mA^O;-]]] II < (2^) M+N \\w m ,n\1 

on P{H P . 

Proof. Cf. the appendix of [|3|. ■ 

Hence, for (z, T, {wm,n}) G 2? e ,f > we have 

II H[ij\ || < \z\ + || T || + e ]T (2^) 
< 3 . 

Thus, if[fj] is a bounded operator on Pi Hp for all f) e 23 e ,§- 



i z. y Hi j 

M+JV>1 
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5.3. Definition of the renormalization map 



The renormalization map 

K : 5J e , € 
*) 

is the pullback of H[fy] i— ► H[fy) to S), that is, 



9J. 



6,£ 



(5.3.1) 



H 



B(Pi7^) 

is a commutative diagram. The map H[f)] i— > i?[f)] is obtained from concatenating the three 
distinct operations, which we discuss in detail below: Feshbach decimation T> p , the rescaling 
transformation S p , and the shift of the spectral parameter Z. 

Remark. The fact that TZ maps 9J e ^ into itself is a central issue whose verification requires 
much effort in the subsequent analysis. 



5.3.1. Feshbach decimation. Let p G (0, 1) denote some fixed, real number. In the 
present work, our choice will always be p = |. P ' p — x[Hf < p) is a selfadjoint projector 
P\H P — > P p TCp. For f) = (z, T, {wm,n}) £ 5Je,£> the discussion in Section ( |4.5.3| ) has shown 
that the Feshbach decimation map T> p is well defined. We have seen that the image of H[f)] 
under 

V p : B{P{H P ) — > £(P p ft p ) 

can be written as 

= (1 + A H/ N)P/ + (AP -^) + Xp(T'U + AT') Xp 

+ x P (nw MtN ii + Aw MtN )x P , 

M+N>1 

where T = T - z - r[#[f)]], 

r'^;0 o ] = a[*] P} - A^Py - Afi [ Z ] + r n _ { [*;0 o ] • 
T n _i comprises all operators in T that are nonlinear with respect to the components of Oq. 



5.3.2. The rescaling map. The rescaling map is obtained by concatenating the scaling 
transformation Ad\j p of Section [2.3| with multiplication by a specific numerical factor. 
It is a map 

S p : B(P P H P ) — ► B{P 1 H P ) , 
which acts on A e B(P P H P ) by 

<S P L4] = (l + A^])- 1 ^- 1 ^^]. 

We recall that 

(5.3.2) {Adu/){k) = p-l Jip- 1 k) , 
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and in particular, that Adj/ p [0/ o J = pO^ for the components O r , Q x of C(o)- 

S p is defined in this manner in order to keep the coefficient of Hf in T} in fixed at 
the value 1 in each application of TZ, thus the division by the factor p(l + AH f [z]). As a 
consequence, 

L 1 JJ l + A Hj [z] 
corresponds to the renormalized coefficient of P^. 

5.3.3. Shift of the spectral parameter. Under S p o D p , the spectral parameter z is 
mapped to 

z | := Z[z] := (l + A^^D^p-^z-A^oN) • 

5 is the renormalized spectral parameter. 



5.3.4. Renormalization of the interaction kernels. ^From Feshbach decimation, 
we have 

w m ,n — > *a/,tv := n[z;5( M )Oo]^A/,7vn[2;5W0 ] + Aw MjN , 

where the kernel on the left hand side of the arrow acts on PiH p , and the corrected kernel 
on the right hand side acts on P p 7i p . The formula for Awm,n is given in ( [4.5.11 ). We recall 



that S( M > shifts the components of O by the photon momenta (fci, . . . , &m)- 
Application of rescaling produces the bounded operators 

W M ,N = S p [w M ,n] 

p m+n-i (1 + Aif/[z ])-i Ad Up [w M , N \ if a < 1 
p2( M+iv)-i (1 + a^^])- 1 Ad Up [w M , N ] if a > 1 , 
on P\H p . In the case cr < 1, the factor 

p M+N-l ig 

obtained in the following manner: The 

integration measure in ( |5.1.2| ), given by 

N N 

t=i j=i 

contributes a factor pf( M+Ar ) under the action of Adjj p} since the photon momenta are mod- 
ified by k I— > Furthermore, since the scaling dimension of a creation-and an annihilation 
operator is — |, cf. ( |5.3.2| ), there is a factor p^2^ M+N ) from the action of on a" (A;) in 
( |5.1.2| ). Finally, an overall factor p~ 1 (l + Ajf„[z]) _1 is contained in the definition of S p (to 
fix the coefficient of Hf in Tu n at the constant value 1, as we recall). 

The additional factor p M+N in the case a > 1 arises because the integration measure 
now includes a factor FJ | ki | a | kj | a , cf . ( |5.1.2| ) , instead of its inverse Yl I ki \ ~ 2 \ kj \ ~ a in the 



case cr < 1 considered above, cf. ( |5.1.3| ). This is due to the fact that for a > 1, the infrared 
regularization R a (x) is linear in x, and absorbed into the integration measure. 

Substituting the spectral parameter by z — > Z~ x \z\, one arrives at the renormalized 
interaction kernels, given by Wm,n[z'i O; K^ m > n ^]. 
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Let Y = (Yi, . . . , Y r ) denote a tuple of operators and parameters are homogenous of 
degree 1 under rescaling. Let a = (a%, . . . , a r ) be a multiindex with Oj G N and \a\ = J2 a i- 
Then, 

pM+ N + n-i (1 + Ah^z})- 1 Ad Up [dZ w MjN ] if a < 1 
p2( M + A0+H-i (1 + A^])" 1 Adu p [d? w M , N ] if a > 1 . 

The origin of the additional factors has been explained in the discussion given in Sec- 
tion pT3[ 

Finally, the running infrared cutoff is renormalized by a — > a = -. 



dyWM, 



N 



5.3.5. Construction of 1Z. Substituting z by 

z[z] = Z~\z\ 

in S p o D p [H[fy] — z], we arrive at 

H$] = H f - z +XiT' X i + XiW m ,nXi ■ 

M+N>1 

Applying H~ l , we obtain the point f) = (z,T,{wm,n}) in $) (we recall once more that the 
issue is to prove that indeed, f) G QJ £) £ C Sj). This completes the construction of the renor- 
malization map 72. : f) i — ^ f) in the manner exhibited by the diagram ( |5.3.1| ). 
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CHAPTER 6 



RENORMALIZATION OF STRONGLY MARGINAL 

OPERATORS 



The circumstance that the system considered in the work at hand comprises purely 
marginal operators distinguishes it from the majority of rigorous renormalization group stud- 
ies that are present in the literature, where the marginal relevant and irrelevant cases are 
typically considered. The flow of operators in systems of the latter kind is dominated by the 
leading order radiative corrections in perturbation theory. The renormalization of strongly 
marginal quantities, however, is characterized by almost complete mutual cancellations of 
all radiative corrections. In the context of smooth Feshbach renormalization, these cancel- 
lations follow from the exact concatenation formulae for Feshbach triples that were proved 
in earlier sections. Our strategy will be to exploit these concatenation laws, together with 
other algebraic properties of the smooth Feshbach map, in order to derive identities that 
interrelate certain quantities of central interest between arbitrary scales. The analytic part, 
which produces bounds on the quantities of interest, will be carried out recursively, by use 
of a nested renormalization group scheme. 

As it will turn out, the renormalization of strongly marginal operators in the present 
theory can be reduced to the renormalization of the coefficient a[z] of p|j. This task is par- 
ticularly subtle, and it is also especially important, for two main reasons: 

(1) In the limit n — > oo, a n [z n ] tends - as our analysis will show - to a finite, non-zero 
value. The physical hamiltonian H p (ao) exhibits an eigenvalue E^UpIjOo] a t the bottom of 
its spectrum. The first and second derivatives of the ground state energy .E cr ] of the 
physical hamiltonian H p (a ) with respect to \p\, for \p\ < p c , are, for a = 0, 1, given by 



d\ p \E [\p\,a ] = - lim [r) n [z n ] 1 a n [z nS 

n^oo \ 



z n =Eo ■ 



where E 0>n denotes the ground state eigenvalue of the effective hamiltonian fZ"[fjW], and the 
quantity 7] n [z n ] has the form 1 + 0(g 2 ). This is explained in detail below. 

Letting Q[p; cr ] denote the ground state vector corresponding to 2?o[M) a o]i normalized 
by (n\p;<T ],Sl f ) = 1, 



^[p; (J ] , (df p \H p ((T ))n\p; <7 ] _ 

d ^ E ° = (n[p;a },n[p;a }) nf " 

(d\ p \Q\p; (T ] , (H p (a Q ) - E ) d\ p \Q\p; a ]) 

(6.0.3) — — 

(n\p;a Q ] , ft[p;<7 ]) n/ 

Satisfactory bounds on these derivatives are of central importance for various purposes, in- 
cluding the construction of scattering theory |9], |1^, |21| , and the analysis of the semi-classical 
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dynamics of charged particles |[23|| . 



(2) Via the Ward-Takahashi identities that we will present and discuss in much detail 
below, a[z] controls Wm,n, for M + N = 1. Thus, a[z] is responsible for all marginal opera- 
tors in the theory other than Hf in TJj n [f)]. 

6.1. The ground state energy 

The renormalization group produces a sequence of effective hamiltonians {//[f)^]}, for 
k G Nq, where we recall that 

H[^] = (l + A^p-'Adu^F^Mm^]]} , 

with 

t^[H[^}} = (1 + A%][z k ]) (H f - z h + AE^[z k ] 
= (l+AgjM(fl> - P z k+1 ) . 

In particular, if we define 

Tn[H p (o Q )] = (f[(l + A^ } [zA(H f + p n z n ), 

and assume that all H[i)^] are well-defined, the operator 

F n\A = F Xpn>Tn [H p (a ) - z) 

is also well-defined, with 

X P " = Xi[p~ n Hf] , 

and 

(6.1.1) H[f>M] = p~ n [f[(l + A%[zi])A Adu« [F n [z]\ , 



due to Theorem O. Likewise, the operators 
are well-defined. 

Proposition 6.1. Assume that the Feshbach triple (F n [z\, Qn[z], Q n [z]) associated to 
(x p n,7i p ) ; is well-defined for all n G N and z sufficiently close to the origin. Furthermore, 
let p—\- For the sequence of ground state eigenvalues of H[t)^], assume that 

lim ||W[/i (n) ]|| = . 

n—*oo 

Then, defining Z n = Z n o • • • o Z 0) 

(6.1.2) E = lim Z~\z n = 0) , 
and 

(6.1.3) Q[p;a ] = s - lim Q n [E ]Q f . 

n—>oo 
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In particular, 

(6.1.4) d lpl E [\p\,a Q ] 
Furthermore, defining 



lim 

n— >oo 



Qi[E }(d pll H p (a ))Q n [E 



qUe ] Q n [E } 



(6.1.5) 

with 
(6.1.6) 



\Zn 



(d Hf F n 



n f 



z n z 



Ql[z] Q n [z] 



n z - (F n [z]) a 



d Hf F n [z]) Qf ' 

and assuming that invertible, the coefficient o/P| in Tu n [[)^} is given by 

Q{[E ](d pll H p (a ))Q n [E ] 



(6.1.7) 

such that 
(6.1.8) 

Furthermore, 



I Z n —Eo iTl 



rj n [E^ n ] 1 



lim (a n [z n ]r] n [z n ]) 



Zn=Eo,: 



df p \(E Q [\p\,a ] 



\P\ 



Qn[E ] Q n [E Q 



-9\ p \ E [\p\,a ] 



< 0, 



that is, the renormalized mass of the infraparticle is bounded from below by the bare mass of 
the charged particle, for all cq > 0. 

Proof. The condition that the Feshbach triple (F n , Q^ n , Q n ) is well-defined for all n £ 
No will be proved in the renormalization group analysis of Chapter |9[ The fact that the 
limits in the asserted expressions exist is also proved there. 

Let us thus assume that the limits exist. In order to fix the coefficient of Hf in the 
Wick ordered expression for F n [E ] at the value 1, we must divide by ((9H / F n [£ , ])n / - We 
therefore have 



Mi 



[d Hf F n [E )) nf 



Ad Upn [F n [E ] 



again by Theorem 

Let us first prove that the expressions given in ( |6.1.2| ) and ( |6.1.3| ) satisfy the eigenvalue 
equation 

(H p (a )-E )n[p;a ] = 
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for H p (o~o). To this end, the general formula ( |4.3.4| ) implies 

(i/ p (a )-Z- 1 (0))g n [Z- 1 (0)] 

= p n Xpn (d Hf F n [Z^(0)]) nf Ad u;n [H[^}\ Zn=0 ] 

Thus, if lim^oo ||W[^ n) ]|| = 0, it is evident that 

= s- \\m (H p (a )-Z-\0)Q n [Z- 1 (0)]n f ) 

n— >oo 

= (h p (<t ) - lim Z-\0)) (s- lim Q n [Z?(0)p f ) . 

\ n—>oc J \ n—*oo / 

This proves the claim. 

The coefficient a„[z n ] \ Zn=E(jn of in Xg„[f)( n )] is obtained from multiplying 

'd p]{ F n [E }) = ((^ r \E Q }(d p ,H p (a ))Q n \E,} 



by (dH f F X()n)Tn [H p (ao)]) a \ Therefore, 

'Qi[E }(d pll H p (a ))Q n [E } 



Q"n [^n] | 



(9 Hf F n [E )) nf 

Qi[E }(d pll H p (a ))Q n [E ] 



as claimed. 

Next, we demonstrate that 

d\ P \E [\p\,a } = lim 



1-1 



Qt[E }Q n [E } / 



Q{[E ](d pl{ H p (a ))Q n [E ] 
Ql[E ] Q n [E ] 

i n f 

(Q{[E ](d ]p] H p (a ))Q n [E }) i 

lim ; 

Ql[E ] Q n [E ] 



where, passing to the second line, we have used d\ p \H p (a ) = —d p \\H p (a ). 

To this end, let us consider the eigenvalue problem for the ground state energ 
H p (a ). We recall that 

s- lim Q n [E ]Qf = fi[p;a ] . 

n— >oo 

Hence, defining 



m\p;a ]\\ 
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on Hp, we see that 



s Ql(d lpl H p (a ))Q n [E }) 

lim -j— r L = - (V[p;a ] , (d lpl H p (a ))^[p;a ]) 

1 ~ (Qi[E ]Q n [E ]) n 



On the other hand, differentiating the eigenvalue equation 
(6.1.9) (H p (a ) - E [\p\,a \) V\p;a ] = 

with respect to \p\, we find 

(iZp(<7 ) - E [\p\,a }) d lpl V[p;a } = - (d\ p \(H p (a ) - E [\p\,a ])) V[p;a ] 
Taking the scalar product with respect to ^[p; cr ], we obtain 

(tf[p;ob], (d\ P \H p (a ))^\p;ao\) = d\ p \Eo[\p\,<r ] , 

using that 

(d lpl ^[p;a ] , *[p;a ]> = ^ <9| p , (*[p;a ] , *[p;<r ]> 

= 1 

= . 

Finally, the formula 

(gUE ](9 l 2 p| // p (a ))g„[i?o] 
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dLE = lim 



gH[s ]Qn[^o] ' 



((^g^^o]) (#> ) - so) ^g„[£;o]> 

— lim -, r 

Q{[Eo]Q n [Eo}) 



together with d^H p (a ) = 1, immediately implies that 



This proves the claim. ■ 

To estimate the quotient 



(d Hf F n [z}) 

Vn[z\ = 



Qi[z] Q n [z\, 

'Uj 
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we employ formula ( |4.5.3| ). Using the fact that dH f (T n _i + W) = for H p (cr ) = Tu n + 
T n _i + W, one straightforwardly obtains 



(6.1.10) 



hence 



(d Hf F n [z]) n} = — 



{QUA Qn[z]\ 



X 



1 - 



T n [H p (a )}R n Xp^w\ \ 



V 



Qi[z] Qn[z] 



J 



(6.1.11) 



Vn[Z\ 



1 - (WXp-RnX^RnXp-W) i 



X 



/ (w X p«Rn d -^r n [H p (a )]R nX p^w\ \ 



\ 



Qi[z] Qn[z] 



J 



A very important element of the analysis in subsequent chapters will be to prove, by means 
of the renormalization group iteration, that 



(Wx p nR nX 2 pn R nXp r>W) Qf \ < O(e ), 



and that 



W Xpn R n ^^r n {H p (a )}R nXpn w) 



Ql[z) Q n [z) 



< O(e ) 



both uniformly in n. This implies that r] n [z] = 1 + 0(€q), uniformly in n. For the proof of 
these estimates, the concatenation laws of section fO have central importance. 



6.2. Analytical control of i] n [z] and cancellation phenomena 

One of the key insights that makes the subsequent analysis possible is that the quantity 

(d Hf F n [z\) 

Vn[z\ = -j— r , 

(Ql[z\ Quiz}) 

does in fact solely depend on the effective hamiltonian of the scale n — 1, as stated in the 
following proposition. 
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Proposition 6.2. Let H[tj\ denote the effective hamiltonian at some arbitrary, but 
fixed scale, acting on the Hilbert space P{H P , and define 



= (i + {wuxRUximmm) 



(6.2.1) + /wMxm^^(Hf-pz)RMxW[^] 

\ Xp I cij 

where x '■= XpXij an d where z is the spectral parameter associated with \) = lZ[t)]. Then, 

V [^-V) = Vn [z) 

(9 Hf F n [z])n f 



Qi[z\ Qn[z\ 

where the relationship between the spectral parameters z n _i (for f)( n_1 ) ), z n and z is deter- 
mined by ( \6.1.b\ ). 



Proof. Let us separately discuss the overlap term (due to x%Pn) 

(WXp"RnX 2 p nRnXp"W) nf , 

and the term 

[Wxp~Rn-^T n [H p {av)}R n Xp-W) _ 



QUZ] Q n [z] 

comprising the x p n-derivative, which occur in 77 n [z n ]. 

Lemma 6.1. Let //[t) (fc) ] = T[f) (fc) ] - z k + Xi^[^ fe) ]Xi denote the effective hamiltonian 
at the scale k, acting on P{H P , for < k < n. Then, 

{WXp«RnX 2 pnRnXp"W) n 



f 



(6.2.2) = (lf[f,("- 1 ']P[^ I, -V^[^ M ]xW A [f) M ]> fl/ , 

where x '■= XpXi> an d where the expectation value on the left hand side of the equality sign 
is determined by H p (ao) and Xp n [Hf\ = x[p~ n Hf\- 

Proof. Clearly, 

(w xp-Rn xl-Rn x P "W) nf 

= \im(Ql[z}P n P n -^—P n P n Q n [z} 

\ Xp^ +o , Qf 

where P n ,P n , are the projectors onto the ranges of Xp n iXp n respectively. Now, by the con- 
catenation law for Q^,Q of Theorem [4.5| , 

Qn[z] = Q xl)TO [H p (a ) - z] 

Qxp,rx[[F Xo ,r [H p {a ) - z}} ■■■ 

■ ' ' Qxpn,Tn[ F X p n-l,Tn-A- • " F Xl ,70 [ H P (^0 ) ~A •••]], 
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thus by the second part of Theorem P~5 , 

(6.2.3) P n P n Qn[z] = P n P n Q Xpn , T jF Xpn _ itTn J---F X0) JH p (a )-z] ■■■]], 

since P n P n Xk = for all k < n. In this notation, the operator Tk[H [fr fe_1 )]] determines the 
Feshbach decimation map passing from H [fj( fc-1 '] to in the renormalization step. 

Now clearly, 



if[|j("-i)] 







Ad, 



^C n-l,r„-i[- • ■ F Xl,r [Hp(cr ) ~ Z] 



thus 



PD = P n P n Q Xpn , Tn [p n (d Hf F n ^[z}) nf Ad u;n jH[^}} 

= Adu*^ [p P p P Q XP Am in ' iy 



since the Q , Q-operators are homogenous of degree with respect to the arguments in 
square brackets. 



Due to 



Adu* 



Xp 



xl + s 



we have 



lim (q{[z\ P n P n P n P n Q n [z 



8^0 \ 



X2» +s 



= lim (Ql tT [H[^]] P p P p P p P p Q Xp AH[i) in) ] 

= <WftW]x% (B W% (B) ]xWft (B) ]> n , • 
This proves the lemma. ■ 



The identity expressed by this lemma is based on algebraic properties of Feshbach 
triples. To obtain bounds on the right hand side of ( fi.2.2 ), we must invoke the renormal- 
ization group iteration. 

Let us next consider the term 

(6-2.4) ' , ^ , 

{Ql{z\ Quiz]) 

which occurs in r] n [z}. 
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Lemma 6.2. Using the notations of the previous lemma, the identity 
\ X P n I n f 

(6.2.5) x ^[^"-^x^^^^^^z-p^)^^ 1 ^^^^" 1 ^ 



0/ 



is satisfied, where x = XpXpi an d where H^ 1 ^] denotes the effective hamiltonian at the scale 
n, acting on P\H. P . 



Proof. The left hand side of the equality sign in ( |6.2.5| ) can be written as 



limlQUz] r n [H p {a,)}- 1 P n P n Q n [z] 

0— HJ \ X p n + 



where, as in the proof of Lemma |6.1| , P n , P n , are the projectors onto the ranges of xp n -> Xp n 
respectively. Notice that all operators apart from Q\ Q in the expectation value are mutually 
commutative. By the arguments demonstrated in the first part of the proof of Lemma |6T 
based on the concatenation rules for Q$, Q, and 

d Hf X P " 



Adu* 



„-(n-l) ®HfX P 

p xl + s 



_X 3 p» + 5 
as well as 

Ad u p - (n - 1} [r n [H p {a Q )]] = (d Hf F n [z]) nf x 

x (p^Hf - z + (F Xpn>Tn [H p (a )-z]) nf 
(6.2.6) = p- 1 (d Hf F n [z}) Qf (H f -pz n ), 

cf. ( |6.1.6| ), the left hand side of ( |6.2.5| ) equals 

jim (Qi tT [m {n - l) \\ (Hf - P z n ) p p p p Q^Am^))) 

= (d Hf F n [z}) nf x 

/ d ~ 

x ( W [h {n ~ 1} ] X R[t) {n) ] (H f - pz n ) R[\) {n) ] x W^-V] 

\ Xp 

as claimed. ■ 



Thus, 



Wx p nRj^r n [H p {a )\R^Xp-w)^ 
Qi[z) Quiz]) 



(6.2.7) = Vn [z] {W[^]xRW- V) ]^^{H f -pz n )R[^-^]xW[^ j „ 

Xp I n f 



.-,<) 



Inserting this expression into the formula ( |6.1.11| ), and solving it for rj n [z], we arrive at the 
asserted formula. This proves the proposition. ■ 



6.2.1. Cancellation phenomena in the renormalization of purely marginal 
quantities. The quantity rj n [z) does is, for n > 0, independent of \)^ k \ for all < k < n — 2. 
The task of controlling it analytically is therefore almost trivial. From the point of view 
of the 'global' argument in the proof of the above proposition, by which /f[f)W] is directly 
related to H p (ao) via the concatenation properties of the smooth Feshbach map, this is easy 
to understand. 

However, from the 'local' renormalization group point of view, in which H [f)^] is only 
compared to H [f) fc+1 ], for all k — 0, . . . ,n — 1, this result looks far from obvious. Passing 
from the scale k to the scale k + 1, the ratio 



(d Hf F Xp , T [m ik) }}) 



Vk [z] (Q^)](d pn H[^)})Q[^})a f 



determines the renormalized value of a[z]. Looking at the right hand side of this expression, 
it seems far from evident that the product 

n-1 



Vn[Z\ 



JJ (WW' 



should only depend on f)( n_1 ). The fact that all contributions from intermediate scales 
mutually cancel each other in this product is absolutely crucial in the renormalization of the 
purely marginal quantity a[z). 

This insight in fact suggests that these cancellation phenomena are typical for the 
renormalization of purely marginal interactions in any quantum field theory. To explain this 
statement, let us for simplicity consider the renormalization of a marginal coupling g k > 
in some given quantum field theory, where k G N labels the scale. The correction of the 
running coupling constant g k under a renormalization step is at most of order 0(g%). The 
familiar scenario where 

9k+i = 9k(l±c k e 2 k ) 

holds for some c k > (i.e. a definite sign ), appears in the cases of marginal relevance and 
marginal irrelevance. One easily concludes there that either g k — > oo, or g k —>■ (UV/IR 
asymptotic freedom). In particular, it is not possible that g n = go(l + O(go)) for all n 6 N. 
However, the latter condition defines purely marginal interactions. 

In a theory exhibiting purely marginal interactions, the mechanism at work must thus 
necessarily be different. The fact that, as in the above cases of marginal relevance and 
irrelevance, 

9k+i = 9k + A# fc 

is given, where \Ag k \ = O(gl), cannot be circumvented. But in contrast to the situation 
there, Ag k does not have a definite sign ! This makes it possible that 

n-1 

9n = 9o + ^2 Adk 

k=0 

= g (l + O(g 2 )) 
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holds, due to lots of mutual cancellations among the Ag^s. It is clear that perturbation 
theory to any arbitrary finite order is insufficient to analytically control the cancellations in 
these sums. If the error term were 0(g%) for some v > 2, one would have an error of order 

=o 9k at tne sc& l e n i wn i cn diverges as n — > oo. 
Thus, one can putatively only rely on finding 'global identities' that govern the can- 
cellations, as is the case in the present work. 



6.3. Renormalization of a[z] 

As has been remarked, it suffices, due to the Ward-Takahashi identities, to bound 
the parameter a[z] and its derivative with respect to \p\ in order to analytically control all 
marginal operators of the theory apart from Hf in T[z; Oq] (which we choose as the 'reference 
operator'). Thus, proving sufficiently small upper bounds on |9^|0[2;]|, for j3 = 0,1, is the 
key point of the present renormalization group study. 

Under the assumption that 77(f)] = l + C^ejj) can be proved by the renormalization group 
analysis, bounds on 9| p |i?o[|p|, Co] are implied by bounds on a n [z„]. We will now explain our 
strategy to determine 



]] (<9 p ii H p (a )) Q n [z[z n ]\ 



(d Hf F n [z[z n ]]) nf 

[Q{[z[z n ]](P\ + gAj(a ))Q n [z[z n }] 

(6.3.1) -rj n [z[z n }} 



-1 * ' «/ 



Qn n[z[z n ] j 
\ / Cl f 

where we recall the shorthand 

QfiA = Q%>,M* )-z], 
F n [z] = F XpntTn [H p (a ) - z] , 

in order to analytically control the coefficient a n [z„] of p|j in 7}j n [fj(™)]. We recall that 
{o-n[z n ]^ n ' 1] Y l )\z n =E , n tends to d\ p \E Q [\p\, a ] in the limit n -> 00. 

Proposition 6.3. Assume that there exist constants C, C < 00 that are independent 
ofn, such that 

(6.3.2) (Ql[z]H f Q n [z])a f < C 4 (C&[*]Qn[z]) Q/ , 
and 

(6.3.3) hn[« _1 -l| < C'e 2 
hold. Then, 

\a n [zn] + \p\\ < v^o 

is satisfied for any n > 0. 
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Proof. Clearly, 

'Ql[z[z n ]]P\Q n [z[z n }] 



< (QiWr, 



pll 



Qn [Z \Zr, 



(6.3.4) 

Furthermore, 



< 



[Ql[z[z n ]]H f Q n [z[zn\]) Qf 



Ql[z[z n }} A ll f (a ) Q n [z[z n ]} 



(6.3.5) 



< 2{Q{[z[z n ]}Al_(a )Q n [z[z n ] 

< 2b(Qi[z[z n )} Qn[z[z n ]])l f x 

x {Q{[z[z n }]H f Q r \z[z n }})l f 



where A|_(o" ) is the part in A^(o"o) linear in annihilation operators, and the constant b is 
bounded by 



b < 



\k\<A 



d d k — 

\k\ 



1 V 



where A denotes the ultraviolet cutoff introduced into the interaction in H p (ao), as we recall. 
This is due to the standard inequality 



■,a x (f)ct>) < 



d 6 k 



Hf<t>V 



for any <p e 7i p . Comparison with ( |6.3.1| ) shows that this immediately implies the claim. 



The key point in the construction thus is to prove that ( |6.3.2| ) is indeed satisfied. To 
this end, we invoke a renormalization group iteration, which corresponds to an induction 
argument in n. Let 

(6-3.6) Qf[z\ ee Q®JH p {a ) - z\ , 

and let us introduce the notation 

(6.3.7) (Q*AQ) m := {Q%^}Ad Up [■ ■ ■ Ad Up [Q^]AQ[^]] ■ ■ ■] Q[i) {k - l) }) Qf 
for any operator A acting on 7i p , and < j < k. 



Lemma 6.3. Assume that for any arbitrary, but fixed scale n, 



and 
(6.3.8) 



Qi[z[z n ]]Q 



< 2, 



for < k < n. In addition, assume that there exists a constant B < oo that is independent 
of n and e$, such that 



(6.3.9) 



Q»[f) (0) ] [Ql[z] H f Q [z] - // ) Qh 
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(0)' 



< Bei 



and 

(6.3.10) \\Q% {k+1) }U p (Qt[t)W}H f Q[t)W} - H f ) U* p Q[i)^]\\ < Be 2 , 
for all < k < n. Then, 

{Q{[z]H f Q n [z\)a f < 4Bel(Qt[z}Q n [z}) nf . 

Proof. Clearly, 

(6.3.11) (Qi[z]H f Q n [z]) nf = (g« (Ql[z)H f Q Q [z\) Q) ^ . 

The renormalization group recursion is denned as follows. Due to the condition 



< Bel 



(6.3.12) \\qV } ] (Ql[z]H f Q [z] - H f P 1 ) Q[t) 
which is assumed to be satisified, one has 

(6.3.13) (Ql[z]H f Q n [z]) nf < <Q» H > Q) (0;n) + Bel {Q^Q) {1 , n) 
for a constant B that is independent of n. The assumption that 

efc < 2 eo , 

for general < k < n, is contained in a 'global' induction argument of which the statement 
of the lemma is only a part. Let us then consider the quantity 

(Q* H fQ) (k .,n) 

for k < n — 3, which equals 

(Q*u p H f u;Q) {k+1;n) 

+ <Q» {QV +1) P P (Q fl [f) (/£) ]^/Q[^ (fc) ]-^)^Q[f) (/c+1) ])Q) (fc+2;ri) • 
By ( |6.3.10| ) and U p HfU* = pHj, this is bounded from above by 

Using the 'final condition' 

(QtHfQ)^ < p(Q% {n - l) \H f Q[^]) nf 

(6.3.15) < Be, 



2 

! 



and backwards iterating the above estimates according to n — > n — 1 
one obtains 



(Qi[z]H f Q n [z]) Qf < J2p n ' kB "l 2 (QU z ]Q 
(6.3.16) = ABel(Ql[z]Q n [z]) nf 

for p = |, which is the asserted result. ■ 
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6.4. Renormalization of d| p |a[z] 

In order to prove C 2 -smoothness of the ground state energy £"o[|p|, <7o]> it is necessary 
to analytically control first order derivatives of H[f)] with respect to \p\. Due to the pure 
marginality of a[z], this task is complicated. 

To begin with, let us recall that the smooth Feshbach map is defined by 

F n [z\ = r[H p (a )] + x P ^[H p (a )]x p ™ 

(6.4.1) - x P ™ w[H p (<T )] Xp"Rx P " w[H p (<To)] x P ™ 
with 

(6.4.2) r[H p (a )} = (d Hf F n [z])n f H f - z' 
and 

(6.4.3) uj[H p (a )} = H p (a ) - ((d Hf F n [z])a f -l)H f - AE n [z] , 
where 

(6.4.4) AE n [z] = (F n [z]+z) Qf 
and 

z' = z - AE n [z] . 

Furthermore, defining 

(6.4.5) z n = (d Hf F n [z])^ f p- n z' , 
and assuming that z — > z n is invertible, we recall that 

(Ql[z[z n ]}(d p vH p (ao))Q„[z[z n }})^ 

(6.4.6) a n [z n ] = r] n [z[z n ]Y l 



Ql[z[z n ]]Q n [z[z n }} ^ 

The explicit expression for 9| p |a„[z n ] is given in the following proposition. 

Proposition 6.4. Let n denote a fixed scale, and z n e [— e, 0] c K_. Then, d\ p \a n [z n ] 
is explicitly given by 

d\ p \a n [z n ] = - ^ |p|7? "^ w ^ a n [z n ] + qwfcfcn]]" 1 

Vn [ z n\ 

({d\ p \Ql[z[z n \\) (d pl \H p (a )j d\ p \Q n [z[z n \\\ 
-2 Vn [z[znT 1 - 



Qn[^[^n]]<5n[^[^n]] 



[Ud^m^-^pp — f 2 Zn)x2p ppQ[i) {n - i} ]) +h. c . 



X 



n[^[^n]] 

(6.4.7) (((aipiQift^^DxpaipiffftW])^ + ^.c.) . 
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In addition, for \p\ < p c , let us assume that there exist constants C, C, C" < oo independent 
of n and eq, such that 



(d\ p \d Hj F n [z[z 



Qi[z[ Z n]]Qn[z[ Z n] 



{d\ P \QiWn]])Qn[z{z n ]]) Qf 



e k < 2 e 



< Ce\n 



Qn\z\z r ^Qn\z\zJ\ 



Qi[z[z n ]]Q 



n f 



d \ P \Vn[z[z n ]] 



(6.4.8) 



< Ce 2 n 



< 2 



< C"e , 



7 



^[& w ]fffe«]Qfe«] < - F XP Am (k) }} 



for f3 = 0, 1, and all < k < n. Then, if \d\ p \ak[zk] + l| < y^o holds for all < k < n, it 
follows that 

(6.4.9) |<9| p |a n [z n ] + l| < v^o 

is satisfied for k = n. 

Proof. Taking the derivative with respect to \p\ of ( |6.4.6|) , 

I d\p\r]n[Zn] 



d\ p \a r 



\Z'n 



O^n [Zn\ 



+ Vn[z r 



1-1 



l[z[z n ]](d lpl d Fll H p (a ))Q 



(6.4.10) 



+ Vn[Zn] 



+ Vn[z n } 1 



n [Z \_Zn\\ 

{d\ p \Ql[z[z n }}) (d p \\H p (a ) - a n [z n }r] n [z n } \ Q n [z[z n }} 



Qn{z[z n ]]Q n [z[z n \] 



l[z[z n ]] {d F \\H p (a ) - a n [z n }7] n [z n ]) (d M Q n [z[z 



Ql[z[z n }}Q n [z[z n }} 



The first two terms on the right hand side are, due to 

d\ p \ <9 p ii H p ( (To) = 1 
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determined by <9P,77 n [2:[z n ]] alone, for j3 = 0, 1. The main problem consists of estimating the 
two last terms in ( |6.4.10| ) . 

Since both of them can be treated in the precise same manner, we will only focus 
on one of them, say the expression on the second last line. It will shown in the course of 
the renormalization group analysis in the subsequent chapters that for fixed n, all maps 
z k l— * z k+i, with k = 0, . . . , n — 1, are invertible (for all zj, in suitable domains). Hence, the 
map z — > z n is invertible, and 

z[z n ) = AE n [z[z n )) + (d Hf F n [z[z n )))n f p n z n 

is well-defined. Taking the derivative with respect to \p\ on both sides of 

(H p (a ) - z[z n }) Q n [z n ] = x P "F n [z[z n ]] , 

and recalling that 

d\ p \H p (a ) = -d p \\H p {a ), 

we find 

d F j H p (a )^ Q n [z[z n ]] = - (H p (a ) - z[z n )) d\ p \Q n [z[z n )] 

+ (d\p\F n [z[zn]])n f Q n [z[zn]] 
+ Xp"d\ p \F n [z[z n ]] . 

(d\ p \Ql[z[z n }}) (d p \\H p (a ) - a n [z n }r] n [z n } j Q n [z[^]] 

Vn [Zn\ ~ " 



Thus, 



Qi[z[z n ]]Q n [Z I Z n 1 1 
, (( d \ P \Qi[z[zn]]) (H p (a ) - z[z n ]) d\ p \Q 



Qi[z[z n ]\Q n [z[z n }} ^ 

(( d \p\Qll z n}) (d\ p \AE n [z[z n ]] - a n [z n }r] n [z n }) Q n [z[z n ]]) nf 



Qn[z[z n ]]Q n [z[z r , 

_ x ( (9\ P \ Qi [z [z n ] ] ) x P n d\ p] F n [z [z n ] ] > Qf 
Ql[z[z n ]]Q 

n \z\Zn^ 



(6.4.11) = - Vn [z n ) 



(6.4.12) +Vn[z n ] 



(6.4.13) +r) n [z n 



Let us first focus on the term ( |6.4.12| ). 

It is straightforward to deduce by means of Lemma O , that 

)*r~r. n v( H f-p nz n) p 



d lp] AE n [z[z n ]] = (d ]p] d Hf F n [z[z n ]])u f {Qi[z[z n }]P K 1 J n/ PQ n [z[zn\] 
- (Ql[z[z n )) (d pl[ Hp(a )) Qn[z[z n 



f i n 



f 

(6.4.14) - (d lpl AE n [z[z n ]]) (Qi[z[z n ]}PQ n [z[Zn}}) Qf ■ 
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Therefore, using 



[Qi[z[z n \\Q n [z[z n \\) Qj = 1 + {Qi[z[z n ]]PQ n [z[z n ]]) Uf 



we have 



d M AE n [z[z n }} 



QiWn]] (d F i\H p (a ))Q n [z[z n }} 



Qi[z[z n ]]Q n\Z\Z n \\ 



(6.4.15) +(d\ p \d Hf F n [z[z n ]}) nf 
so that by ( |6X6|) , 
( 6.4.12) = 



(»f-^K» PQn[z[Zn]] 



Ql[z[z n ))Q n [z[z n )] 



x rj n [z n ] 1 (d\ p \d Hf F n [z[z n ]])n f 



[(d lp \Q{[z[z n }})Q n [z[z n }})i 



Ql[z[z n )]Q 



A p 



X 



rt [«z[2n]] it [z[z n ]] 



Finally, 



x ?? n [z[z n ]] 



(6.4.13) = p n ~' ^[zn]]-' {d Hf F n [z[z n ]]) Qf x 



X 



(6.4.16) 



This proves the asserted expression for d| p |a n [;?„,]. 

The renormalization group analysis in the subsequent chapters will show that the bound 



\(d\ p \d Hf F n [z[z n ]])n f )^ 



Qn[z[z n ]]Q 



[{d\ p{ Q{[z[z n ]])Q n [z[zn]\) 



Ql[z[z n ]]Q 

ii [Z [^-n]] 



< C e n , 



indeed holds, where the constant is 0(1) with respect to n and g. Due to 



P P Q[^ l) \) < O(e ) 
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one has 

which tends to in the limit n — > oo. Furthermore, one can straightforwardly show that 

( I6XT3D < p"Ce . 

In order to estimate ( |6.4.11| ), we invoke a renormalization group iteration. We define 



(n) 



.4 



and for general n, 



{{d\p\QlWn\]) (H p (a ) - z[z n }) d\ pl Q n [z[z n ))) i 



V 



A 



(<<) 



V 



<3n[z[Zn]]Qn[^n]] 



(d lpl Qi)H[^]d lpl Q) (k . n 



\ 



Qi[z[z n ]]Q 



using the notation introduced in ( |6.3.7| ), and 

\) = (z,T, {w m ,n}) ■ 



To relate subsequent A^'s for k — ► k + 1, for < k < n, to one another, we exploit the 
concatenation rules for Q\ Q, 

where U* reverts the action of rescaling, and f)o = 7£[f)o]- Next, we exploit that 



and 



d lpl n[io) = Q n [E ]u;d [pl Q[i) ] + (d lpl Q n [E ])u;n[i) }, 

= (1 + ri(d Hl F XtT [H[mn I pM u .[H[h ]] 

for some [i < |, and \(dH f F XtT [H [[)]]) n f \ = 1 + 0(e 2 ). Thus, we find through the Cauchy- 
Schwarz inequality that 

4 n) < Jp(l + ri(dH I F x AHMh f A$ 1 



+ 



i/[hW](a w Q[h( fc )])t/;Q[o( fc+1 )] 



\ 



(QtQ) 



(fc+2;n) 



<3n[^[^n]]<3n[^[2n]] , 



for p — 2- This follows from the assumption that 



\\(d lpl Q[^])U;Q[^]\\ < O(e ), 
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and 



(fc;n) 



< 2 



for all < k < n. Therefore, 



4 n) < Ceo 



for a constant C that is independent of e and n. By assumption, < 2eo for all k > 0. 
Collecting the above results, one arrives at an estimate of the form 



Thus, we obtain 



\d\ p \a n [z n ]\ < (l + deo)(l + C 2 e ) 
\d\ p \a n [z n ]\ < 1 + v'eo , 



for n > 0. 

This proves the proposition. ■ 

An immediate consequence is that due to 

df ,E [\p\,a } = lim du\ (r] n [z[z n ]\ a n [z n \) 

the bounds on <9|p|a n [;2 n ] obtained above immediately imply 



%(£o[bUo] 



\p\' 



for the ground state energy of H p (a ). 



6.5. The Ward-Takahashi identities 

Analytically controlling the renormalization flow of purely marginal interactions is 
usually a very difficult task. The key to the solution of this problem here is to exploit the 
[/(l)-gauge invariance of the effective hamiltonians ff[f)^]. This reduces the number of 
marginal operators to merely one in the present system, given by a[z] (since the coefficient 
of the purely marginal operator Hf is kept fixed at the value 1). As has been demonstrated 
in the preceding sections, our approach to renormalizing a[z] heavily uses the concatenation 
identities fulfilled by Feshbach triples. 

On the quantum level, gauge invariance imposes certain constraints on the correlation 
functions of the theory. They manifest themselves in the form of relationships between the 
fully renormalized n-point functions of the theory, for varying n, which are in the context of 
QED referred to as Ward-Takahashi (W-T) identities. A standard textbook exposition can 



for instance be found in [17 



In the present operator-theoretic framework, our focus will not be on n-point functions; 
they do in fact not enter the discussion at all. Instead, we will prove a relationship satisfied 
by the effective hamiltonians at arbitrary scales, which represent (a generalization of) the 
W-T identities. 



(i!) 



6.6. Ward-Takahashi identities in non-relativistic QED 

The structure of the W-T identities in non-relativistic QED is the same as in the special 
relativistic theory. However, due to the lack of antiparticle production in the non-relativistic 
limit, the " spinor-algebraic" aspects can be simplified, and for the spinless model at hand, 
they are trivial. The derivation of the W-T identities of non-relativistic QED in the standard 
textbook way is accomplished in full analogy to the relativistic case, for which we refer for 
instance to [ |17| ] . They can, of course, also be obtained by properly taking the non-relativistic 
limit of the relativistic W-T identities in QED. We omit an exposition of these matters, and 
simply state the final result, since our discussion yields a different, Feshbach-theoretic proof. 

To this end, let the scalar 

E(p) 

denote the renormalized 2-point function of the spinless fermion, and 

T i (jp,k,p + k) 

the renormalized vertex function in non-relativistic, zero-fermion-spin QED. The vertex 
function describes an incoming fermion of momentum p that absorbs a transverse photon of 
momentum k, after which it propagates on with a different momentum p + k. The index V 
couples it to the components of the quantized electromagnetic vector potential in Coulomb 
gauge. 

The Ward-Takahashi identities 

k i T i {p,k,p + k) = E(p)-£(p + fc) . 

are fully analogous to the relativistic case. The renormalized vertex function is thus de- 
termined by the renormalized charge propagator. More relevant for us is its differential 
expression, 

(6.6.1) r(p,0,p) = -0 w E(p) , 

obtained in the limit \k\ — >• 0, which will occur in this form in the operator-theoretic context. 
In the context of non-relativistic QED, it is clear that 

E(p) = E [\p\,a ] , 

the renormalized ground state energy of H p (<7o), and gT l (p,0,p) turns out to be the 
renormalized coefficient of the marginal interaction term. Thus, 



P(p,0,p) = n l lim a n [E 0n ] , 
and we observe that the Ward-Takahashi identities are equivalent to the statement of Propo- 



sition |6.1] , given that its assumptions are satisfied. 

Likewise, there are higher order Ward-Takahashi identities which relate n-point func- 
tions of the theory to n'-point functions, with nl < n, which we will not discuss. 

In the present operator-theoretic formulation, we will verify that a particular relation- 
ship is fulfilled on the operator level. This is to say, in contrast to relations between particular 
kinds of expectation values, for instance. They are satisfied by all effective hamiltonians, 
and will be interpreted as a generalized form of Ward-Takahashi identities. 
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6.7. Ward-Takahashi identities in Feshbach renormalization 



We will now return to the functional analytic setting introduced in the previous chap- 
ters, and formulate a variant of the W-T identities that is applicable in the operator theoret- 
ical renormalization scheme. The relations between n-point functions in the above discus- 
sion of the functional integral formulation of the problem are now translated into relations 
between partial derivatives of the effective hamiltonians with respect to operators, and com- 
mutators with creation and annihilation operators. 



The strategy is based on the recursive application of Theorem [4.3| . We first prove 
that the physical hamiltonian H p (gq) obeys a relationship of the form stated there. The 
consequence is that the effective hamiltonian i/[f)( )] obeys the same relationship, thus also 
//[f^ 1 )], and so on. 

The starting point is the following fact. 

Lemma 6.4. The operator 

V\ omm := lim K- l [\k\]^\k\[a{{k),.} 

| fc| — s^O 
n k fixed 

satisfies Vl omm [f\H f }} = for all f of class C l . 

Proof. The derivation rules are obviously satisfied by commutators, thus T>\ omm is a 
derivation. 

Next, for any C l -function /, 



-.-1 

n k fixed 



lim K^WkW^ia^k), f[H f ]] = 



This is because the expression on the left hand side, of which the limit is taken, can be 
written as 

*\k\-i (f[H f + \k\\- f[H f ])a x (k), 
since k ct [|A;|] = -\k\ for small |fc|. C 1 -smoothness of / implies the claim. ■ 

Next, we define the two following special derivations, which we will in the sequel refer 
to as the 'Ward-Takahashi derivations': 

v *WT,n k ,x,a ■= g e lj0 [n k ; X] ■ dp + lim R^[\k\] yf\k\ [■, a* x (k)) 

rife fixed 



(6.7.1) T>wT,n k ,\,a ■= ge 01 [n k ;X) ■ dp + lim n a l [\k\) y/\k\ [a x (k), •] , 

' |JcHo 
rife fixed 

where R a denotes the running infrared regulator. Then, the following proposition holds. 

Proposition 6.5. The physical hamiltonian H p (o-q) satisfies 
(6-7-2) ^wT,n kX jH p (a )] = 0. 
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Proof. The cutoff regularized hamiltonian of the system in discussion is, as we recall, 
given by 

1 / x2 
(6.7.3) H p (a ) = E bare [\p\)+ H f + - :( p - P f + gA f (a ] 



E b are[\ P \] = ^ + £ ( A f^)% t > 



with 

Fn.„,. r .\\r)W — - _^ r - ; , ,, , , 

and acts on the Hilbert space TC P , where p denotes the conserved total momentum. 
It can be easily checked that 

(6.7.4) d Pf H p (a ) = -p + P f + g A f {a ) , 

and from 

d 3 k R ao [\k\\_K A [\k\] 

W\ 



(6.7.5) 
that 



A/(a ) = J2j ^ R ^" m] L [n k ,\K(k) + e 0tl [n k ,X]a x (k)\ , 



[H p (a ),a* x (k)} = a x (k)(^((P f + kf-P}) + \k\-\p\k^ 



+ g a* x (k) k ■ A f (a ) + ^a* x (k) 



+ 9 — 7=r e i,oK; A] • (p - Pf - g A/(a )) 



Therefore, 

(6.7.6) lim R~^[\k\]\/\k\ [H p (a ) , a* x (k)] = - g e lfi [n k ; X) ■ dp H p (a Q ), 

|fc| — *o 

rifc fixed 

and likewise, 

(6.7.7) lim K~^[\k\]\/\k\ [a x (k) , H p (cr )] = - g e ,i[n k ; X] ■ d P H p (a ) , 

|fc| — ►o 
nj. fixed 

for the commutator with a x (k). ■ 

We notice that the limit — ^ is in full analogy to the corresponding limit of van- 
ishing external photon momentum which was used to obtain ( |6.6.1| ). 

According to the notation used in Theorem [4.3| , let 

Vx := dp, , 

and 

h := -ge ,i[n k ,X] 1 . 

Furthermore, let 

V 2 := lim K£[\k\)y/\k\ [a x (k) , •] , 

|k|->o 
nfc fixed 
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and 

h 2 := 1 . 

Theorem [4.3| straightforwardly implies that these relations also hold for 

H[^} = V^ao) - z] . 

That is, 

(6-7.8) ^WT,n k ,x,jm {0) \] = 0. 

6.8. The Ward-Takahashi identities in inductive form 

Arguing by induction, this relationship can be extended to all effective hamiltonians 
produced in the renormalization group iteration. The following proposition establishes this. 



Proposition 6.6. Let H\kj\, with I) e QJ e ^ fore, £ sufficiently small, be a given effective 
hamiltonian, which satisfies 

a denotes the running infrared cutoff. Then, its renormalized counterpart H[fj], with f) = 
7Z[t)], satisfies 

where a = - . 

p 

Proof. This follows directly from Theorem [4.3| , and the fact that T and wm,n are of 
class C 1 , for all M + N > 1, with respect to the components of O, since f) G 5J e .^. ■ 

The Ward-Takahashi identities in the operator-theoretic renormalization group are 
used in Chapters 0, §, for the purpose of proving that the marginal interaction kernels wm,n, 

for M + iV = 1, are fully determined by a[z], the coefficient of the operator pjj. in TJ^f)]. 
This reduces the number of independent marginal operators, whose renormalization must be 
controlled, by one. 



6.9. Remark on alternative formulations 

Other operator-theoretic versions of the Ward-Takahashi identities certainly deserve 
consideration. For instance, one could consider coupling the charged particle to a classical 

(cl) 

external electromagnetic vector potential Aj , and study derivatives of the effective hamil- 

(cl) 

tonians with respect to . Likewise, one could have thought of comparing derivatives 
with respect to \p\, of effective hamiltonians at subsequent scales to each other. 

The problem here is that in order to achieve maximal simplicity of the method, it 
is desirable only to involve operations into the formulation of the W-T identities which 
commute with rescaling. Neither of the two aforementioned tentative alternatives have 
this property, because the factor (1 + Aj^fz])" 1 is a function both of \p\ and A^ , in case 
the latter is not zero. 



In our favored approach presented in Section |6.7| however, the operations d p \\ , and 



/ 



[a\(k) , •] (commutation with creation- and annihilation operators) both commute with the 
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rescaling transformation S p . The price that we pay for this convenient property is that the 
infrared regularization cannot be picked entirely arbitrarily. However, since the latter 

is an artificial item of the given theory anyway, we shall accept this mild restriction. 
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CHAPTER 7 



ANALYSIS OF THE FIRST DECIMATION STEP 



7.1. The main Theorem 

The purpose of this chapter is to determine the initial condition fj'°) e QJ e ^ (the polydisc 
defined in Section |5.2|) , for the renormalization group recursion. We recall the selfadjoint 
that the smooth cutoff operators are given by 

Xi = Xi[H f ) 

xl + xl = 1 , 

and that the projectors onto the respective ranges are given by Pi, Pi. Furthermore, P^~ = 
1 - Pi, and Pf = 1 - Pi. 

For the spectral parameter, we choose 

z e [E bare [\p\] - g , £w[H]] , 

where .EWre[|p|] is the bare ground state energy defined in ( |2.2.2|) . We assume that the 
conserved total momentum satisfies 

\P\ < Pc , 

for some constant p c G 1), which is required to be sufficiently small for the results of this 
and the next chapter to hold. Cf. also the remark on Cherenkov radiation in the introductory 
chapter. 

The Feshbach triple (Qi, Q\, F Xl t ) associated to (cf. definition |4.1|) is given 

by 

Qi[z] '■= Xi - XiR[z; O }xiUj[H p (a )}xi 

Q\[A ■= xi - Xiv[H p (<T )]xiR[z]Oo]xi 
Fi[z] = F XUT [H p (a )} 

= T[H p (a )] + xMH P (a )]xi 
(7.1.1) -xMH p (a )}xR[z;O}xMH p (a )}xi , 



where 



on PiTCp, and 



R[z;0] = (r[H p (a )} + xMH p (a )]xi) 



r[H p (a )] = {l + A Hf [z])H f - z + AE [z] 
u)[H p {g )\ = H p (a ) - z - r[H p (cr )} , 

cf. the discussion in Section |4.5| . The quantity Ah* [z] is defined by the implicit relation 

l + A Hf [z] := (d Hf F Xl , T [H p (a )-z)) Uf . 
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Furthermore, 



t'U = r[tj] - r[H[i)}} 

= -A Hf [z]H f + AE [z] + xi (-b|P/ + K-i\P f \ 2 ) Xi , 



where 



A 



n—l 



(we introduce this parameter for later convenience). The element J)(°) £ is determined 
by 

F[fj(°)] := (l+A^wr'Wo)-*], 

where we recall that Pi is the decimation operator, given by the concatenation of the Fesh- 
bach map F\[z\ with Neumann series expansion and Wick ordering, cf. Sections [4.5| and [4.5.3 . 
-ff [f^ -*] is referred to as the effective hamiltonian at the scale 0. 
Neumann series expansion of R[z; Oq] in F±[z\ yields 

FiW = t[H v (o )\ + XiTYlxi + XiKWUxi 



L=2 



,Ni ) Xl -^0 Xl ' ' 

l<Afi+Afi<2 



l<M i +iV i <2 

i=2,...,L-l 



(7.1.2) 
where 

(7.1.3) 

cf. Lemma |4.1J, and 



xW / M L _ liiVi „ 1 x^oxi I 2^ w^i.jvr I nxi , 

\1<M L +N L <2 



n = l - xiT'xiRo 



V = T - r[H p (a )} . 

Wick ordering each of the summands in the Neumann series, and collecting all Wick mono- 
mials that are equal in the number of creation and annihilation operators, we find 

Vx[H p (<t ) - z\ = (l + A Hf [z'])H f + AE [z'\ - z' 

+ Xi(T'n + AT')[z';O }xi 



(7.1.4) 



+ Xi ( n w m,n n + AW m ,n ) W; O] xi , 

M+N>1 \ / 



where again, z' = z - E bare [\p\]. 

The main result of this chapter is the following theorem. 



Theorem 7.1. The point f)^ £ ft lies in a polydisc 2J eo ,£ (f or definitions, cf. Sec- 



tion 5.i ), where 



6o = e 

e e = 2g, 
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for g sufficiently small, and it is assumed that 

\P\ < Pc 

holds for the conserved momentum. 

The function r][H p (ao)] (cf. Proposition \6. 2{ for its definition) obeys the bound 

B^{v[H P {a )]-l)\ < 0(g 2 ), 

with (3 — 0, 1, and the renormalized coefficient a[Z[z\] o/Pj in Ti in [t)] satisfies 

lim a\Z\z\] = , 

d^(a[Z[z}} + \p\)\ < 0{g 2 ) . 
For the operator T n _j[f|W], there exists a constant ^ n -i < oo independent of g, such that 

dP p ^(T n ^\ - A n _HP/| 2 )| < 0(g 2 ) + Kn-tPx , 



for < \a\ < 2, (3 = 0, 1, where 



A 



n—l 



2 




bl + K-i 



O(V~e ) Pi 



\d\p\X n -i \ , \d z X n -i\ 

In particular, 

(7.1.5) \{T n ^} - A n ^|P/| 2 )| < 0(g 2 ) + 
and 

\d Hf T n ^]\ < O(V~e ) + (b| + A n _0 x 

(7.1.6) x (2 + 3 \d Hf { X \x\)\ + 2(H + A n _ z ) \d Hf xl\ 
For M + N = 1, 

u m ,n[^ 0) ] = lim w M>N [^}\ -,o 

\k\->o 
fixed 

= 9 a[Z[z}} e ll M)N [n k ,X\ , 

and for Y denoting \k\, z, Hf or Pj- , 

l\P 1 ^H f }d x w M Mi) {0) }P 1 ± [H f + \k\]\l < 0(g 2 ), 
I P^Hf] d Fll w M , N [t) {0) } Pi\H S + H I < 2 g A n _ 2 + 0(g 2 ) . 
More generally, the following estimates hold for 0<|a|<2 ; 0</3<l: 

II d^d x w M , N [i) [0) ]\l , III dP pl d%w MjN [^]j\ < e £ SM + N = 1, 
while for M + N >2, 

i ^w M , N [i) i0) ]\l < eU M+N , 

i^ pl d XWM , N m\i < 4e i+N - 
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All bounds are uniform in \p\ < p c , and for sufficiently small p c G 1 



7.2. Well-definedness of the Feshbach triple 

First of all, it must be verified that for the given choice of z, the Feshbach triple 
(Qi, Q\, Fxut) * s well-defined. 

For notational convenience, let us make a redefinition of the spectral parameter, 



(7.2.1) 



z' := z - E bare [\p\) G 



so that z' lies in the interval [— g,0]. In all of the above expressions, z can be replaced by z' 
if £7&are[|p|] is set to zero. 



We will now prove that the quantities ( |4.1.3|) needed for the definition of the Feshbach 
triple extend to bounded operators on TC P , and start by showing that R[z; O] is well-defined. 



Lemma 7.1. For z' = z - E bare [\p\] e [-g, 0], 

(7.2.2) ||%; O ] || , \\Mz;O }\\ < j _ |p| \ Q{g2) < 2 

for all \p\ < Pc, with p c G 1) sufficiently small. 

Proof. Let, for T' = T - z - r[H p {a )] = cu[H p (a )]\ 9 ^o, 

Ro[z';0 ] = Xi(r[H p ((To)]+xiT , Xi)~ 1 Xi 

denote the free resolvent, obtained from R[z; O ] by setting the coupling constant g equal to 
zero. Clearly, 



(7.2.3) 
since 



R [z';O ] II < (1-bl)- 1 < 0(1), 



r[H p (a )}+xiT'xi > (l-\p\)H f . 



^From Lemma [Z. 2| below follows that 

RIxiWxiRI 



< 0(g) « 1 



if H < Pc, hence R[z; O] can be expanded into an absolutely convergent Neumann series, 
such that 



\R\\ < \\rI\\J2(\\rIxiWxiR\ 



-1 \J _ I 
2|1 ^ \\RZ\ 



j>0 

= 0(1) 

is satisfied for the given range of z, resp. z' . This proves the lemma. 
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Lemma 7.2. For the interaction operators in H p (o~q), cf. ( \Z.2.8J , 
B§[z;O ]xi W^xi^Oq] || < 0(g) 
RI[z;O ]xiW 2 [O}xiRI[z;O ] < 0(g 2 ) 



(7.2.4) 



holds on Hp, for \p\ < p c . 



Proof. The proof is given in the Appendix in Chapter |10 



Lemma 7.3. The interaction operators in H p (ao), cf. ( \2.2.8 ), obey 

rI[z;O )xiW 1 [O] X i \\ < 0(g) 

(7.2.5) R$[z;Oo}xiW 2 [0}xi \\ < 0(g 2 ) 

on n p , for \p\ < p c . 

Proof. Cf. the Appendix in Chapter [II]. ■ 

These bounds imply that the Feshbach triple (Qi, Q\, F X1)T ) is well-defined, cf. Sec- 
tion 



Lemma 7.4. There is a constant C that is independent of g, such that 



(7.2.6) 



ll^nii < c 



holds on P\H P , for < \a\ < 2 and j3 — 0, 1. In particular, with 



ll^Xiil, ^ 4 ' 



the estimates 

(7.2.7) 
(7.2.8) 



„ M 4 

n < - 

II II - 3 

||xi(n-i)xi|| < \ 



ll^nil < 2 

\d Hf (xiU X i)\ < 2 + 3\d Hf (xlxl)\ 

+ 2(\p\ + X n _ l )\d Hf xl\ 
hold for \p\ < p c with p c G [^j, 1) sufficiently small. 
Proof. From 



(7.2.9) 



P 1 (^X)P 1 



< c 



for 



X = xlxl, i?oandT'[f)] 
(using I^A^ [z]|, |9|p|A£JoNI < 0(g 2 ), as will be proved below, and Lemma |7.1[ ) follows 
straightforwardly that there exists a constant C < oo such that ( |7.2.6| ) holds. 
To prove ( [7.2.7| ) , where (on P{H P ) 

n[h] - 1 = -XiT'xiRa, 
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we use 



^Ro^PiW < (l-\p\+0(g 2 )) 1 , 



from Lemma |7.1| . Furthermore, 

(7-2.10) \\xlxlW < ~ , 

since max xe [ i]{x 2 {l - x 2 )} = \. Moreover, by definition of T and |A H/ [z]|, |A£ MI < 
0(9% 

\\PiT'Pi\\ < \p\ + \ n ~i + 0(g 2 ) . 
Combining these estimates with \ n -i = |, we find that 



||xi(n - i) xill < 7 



1 |p| + | + OQ? 2 ) 



< 
- 3 



4 1 - H + O(gi) 
1 



and from 



we have 



n = Pt + Pir^^o)]^ 



I IT || < max{l , ||r[# p (a )] AM 



< (1 + 0(g )) max -7- — . , / 4 

*>i (1- b|)x + 0(^ 2 ) 

4 

for all \p\ < p c if p c G 1) is picked sufficiently small, as claimed. 
As to ( |7^ ), we have 



||d w IT|| < \\(d lpl r[H p (a )]) R [ 

+ \\r[H p (a )]R 2 d lpl (r[H p (a )] + X iT'xi) 

(1 + Q(g 2 ))x 2 

< max— — ^— nNNn + G> o 

" *>l ((l_| p |) x + 0((7 2 )) 2 iy J 

< 2 



on PpTip. This establishes the claim. 



To prove ( [7.2.9| ), we use 

||P 1 (0 JT/ T'fe])P 1 || < O(^), 



so 



using the fact that Pi (dn f Xi) Pi — since the spectral supports of dn f Xi an d -Pi are mutually 
disjoint, as well as 

\P 1 (d Hf R )P 1 \ < \\P 1 R P 1 \\ 2 \P 1 (d Hf (r[H p (a )]+ X iT'xi))Pi\ 

(l + o^ + liprpin^^l) 

(l-b| + 0(^ 2 )) 2 
(l-\p\ + 0(g*)y 

Therefore, 

\d Hf (xiU[i)}Xi)\ < Ids^xlxDlWPiT'P^WPxRoP^ 

+ \\xixi\\ \\Pi(d Hf r)p 1 \\ \\p 1 r\ ) p 1 \\ 

.2 -2 



||x?Xi|| llPiT^lllPO^Pomi 



(1 + |p| + A„.^ + 0(^ 2 )) |r . i , /v ,., 

1 - N + Otf) 



+ «Wf (l+ofe2)) 



4 (i - bl + oar 1 )) 2 1 ■"' 

f- 3|9 H/ I 

for |p| < p c with p c G [55, 1) sufficiently small 



< 2 + 3 |dH,(x?X?)l + 2(|p| + A n _,) |^x 2 | 



7.3. Two technical Lemmata 

The following two technical lemmata will be very helpful in the subsequent analysis 
given in this chapter. 

Lemma 7.5. Let Y denote \p\,z or any component of O. Then, 

\\Xid Y H p {a Q )Q 1 \\ < 0(g), 
(7.3.1) || RQ 1 || < 0(g) . 

Proof. These estimates are straightforward consequences of Lemmata [77^ and |7jB 



Lemma 7.6. Let M + N > 0, and let stands for z or \k r \, \k s \. Then, are constants 
C a> p and Cx,p independent of e ,£, such that 

for < \a\ < 2 and /? = 0, 1 ; and 

for all M + N > . In particular, Awm,n ore analytic inPf. 
Proof. Cf. the Appendix of Chapter [10]. ■ 
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7.4. Shift of the spectral parameter 

By a redefinition of the spectral parameter, we eliminate the quantity 
AE [z] = (F XuT [H p (a )] + z) Qf 

= - (W[0}xiR[z;0]xiW[0}) Qf . 



Due to Lemma I7T3 



We define the map 
by 



AE [z] | < R*[z ] 0}xiW[0]P 1 
Z : z — > z := Z\z] 



z = (1 + A^.^])- 1 (z - E bare [\p\] - AE [z}) , 

which corresponds to a translation of the origin in C by E bare [\p\] + AE [z]. The quantity 
Af/.[z] is defined in ( |7.1.2|) , and discussed below in Section |7.5.1 . 



Proposition 7.1. The map Z : z — > z is of class C 1 , and 

d z Z[z] = p-^l + A^])- 1 + O(eie)- 
Thus, for any function h of class C l in z, 

(7.4.1) ^hiZ-^z]]] < (1 + 0(e)) \d z h[z]\ ■ 

In addition, 

\d«AE Q [z] | < O(e 2 e) 

for a = 0, 1. 



Proof. Cf. the proof of Proposition |84] below, but employing Lemmata [7.2| and [FT3 
instead of the estimates used there. ■ 



7.5. Correction of the noninteracting hamiltonian 

Next, let us focus on (T" + AT')[z; Co], which we separate into 

/|P 2 | 

-A Hf [z]H f - AE [z] + (-|p|+Aa[*])P} + r-f + AT n ^[z;O ] 

where T n _/ + AT n _( comprises all operators in T' of order O(Hj) in the limit Hf — > 0. We 

recall that O = (i//, P^, |P/|), and that V + AT' depends on P^ only via |P/|, due to 
the 0(2)-rotation and reflection symmetry of the model, which is preserved under Feshbach 
decimation. There is no term linear in |P^| because T>i[H p {ao) — z] is analytic in O by 
Theorem [4.2| . |P^ | is not analytic in P^, hence only even powers of |P^| (which are, of 
course, analytic) appear in AT. 

Let us next discuss A# [z] and Ao[z]. 
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7.5.1. The coefficient of Hf. By Proposition |672| (i.e. setting n = 0), the coefficient 1 
of Hf in Hp(ao) is modified into 

l + A Hf [z] = (d Hf F XuT [H p (a )]) nf 
= rj [z] (Q\Qi 

where 

Vo[z] = (l + (Wxi^Xx^XiW}^ 

+ (wxiR^^(H f -z)Rxiw' 
as we recall. 

Lemma 7.7. T/ie quantity A Hf [z) satisfies \d?.A Hf [z]\ < 0(g 2 ), for ft = 0,1. 

Proof. This is easily obtained along the lines demonstrated above, using the fact that 
\\d Hf Xi\\<*. ■ 

We require that the fully renormalized coefficient of Hf shall again be 1. Therefore, 
we divide F XuT [H p (a )} by (1 + A Hf [z]). 

7.5.2. The coefficient of pjj.. The renormalized expression for the coefficient of P|| in 
T U nU 0) ] is given by 

(7.5.1) a[z M = LL_u . 

This is obtained from Feshbach decimation, 

a[z}+Aa[z] = (F Xl;T [H p {a ) - z]j 

Q\ (d pl[ H p (a )) Qi) 

(7.5.2) = -\p\(<AQi) + (Qi (P) + gA f (a ^ Q 
and subsequent application of rescaling, yielding 

(q[Qi) (Qi (Pj + gA\{a j) Q, 

(7.5.3) a[Z[z\] = -bi ; , A + 



l + A H/ [z] 1 + A H/ N 

Proposition 7.2. The renormalized coefficient o/Pjj -f^[f)^°' ) ] is 0(\p\) in the limit 
\p\ — > 0, satisfying 

|fl|,i(a[z[*]] + |p|)| < otf), 

uniformly in \p\ for \p\ < p c . 

83 



Proof. The projection of the vector 

, Q}(P/ + <7A / (<7 ))Qi 



in the direction of p defines the second term in ( [7.5.3|) . 

In the limit \p\ — > 0, Q± is 0(3)-symmetric with respect to spatial rotations. Hence 



lim (Ql(P f + gA f (a ))Q 1 

\p\—*0 \ I Clf 

transforms like a vector, but is invariant under all linear 0(3)-actions on M 3 . Therefore, it 
must be zero. This implies that a[Z[z]] — > in the limit \p\ — > 0, as claimed. 
Straightforward calculation shows that 

d \ P \ A H f [z] 



d lpl (a[Z[z}} + \p\) 



l + A Hf [z 



(a[Z[z]} + \p\) 



Q\(d\ p \H p (a )) R(d p nH p (a ))Qi) + h.c. 

s I n f 



(7.5.4) 

Let us first control the first term on the right hand side of the equality sign, and bound 
\{a[Z[z\] + \p\)\. Because of Pjfy = 0, 

eft P'l Qi 



using 



W[0] xi R[z\ O] xi P} xi R[z; O] xi Wp] 
< 0(g 2 ), 



pjxi R[z;0] < 0(1) 



for \p\ < p c . 

Moreover, 



9 



< 9 



W[O]xiR[z;O] X iAj(a )) + h 



W[0] xi R[z\ O] xi A 1 (ao) xi R[z\ O] xi W[0] 



using the estimates 



< 0(g 2 ), 

R*[ Z] O]xiA\{a )xiR*[z]O] < 0(1), 



Rz[z;O}xiA](a )xi < 0(1), 

which are proved in a manner fully analogous to Lemmata |7.2| and |7.3| . 
Hence, we arrive at 

| a[Z[z)) + \p\ | < 0(g 2 ) , 

uniformly in \p\ < p c , for p c G 1) sufficiently small. 

To control the first term on the right hand side of the equality sign in ( |7.5.4j ), we use 
Lemma [7[7]. Collecting all estimates, 



(7.5.5) 



\d lpl (a[Z[z]] + \p\)\ < 0(g 2 ), 
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uniformly in \p\ for \p\ < p c . Taylor's theorem thus implies 

\8 a [Z[z}}\ < 0{g 2 ). 

This proves the proposition. ■ 



7.6. Correction of T„_ / [O ] 
Let us next consider the renormalized expression for the operator T ra _;. 

Proposition 7.3. The renormalized operator T n _ z [f)W] is O(Hj) in the limit Hj — > ; 
and there exists a constant K n -i < oo independent of g, such that 

(7.6.1) (r„_/[f) (0) ] - \ n -i\Pf\ 2 )\ < o(/) + « n -iA, 

/or < \a\ < 2, (3 = 0, 1, where 

|5|p|A„_/| , \d z \ n -i\ ■ 

In particular, 

(7.6.2) |(T B _,[f)< >] - An^lP/l 2 )! < 0(g 2 ) + 
and 



1 

2 ' 
. 



bl + K-i 



+ O(v^o) A 



x 2 + 3 |^(x!x!)| + 2(H + A n _,) la^xf 



\d Hf T n ^]\ < O(^ ) + (|p| + A n _0 x 

(7.6.3) 
are satisfied. 
Proof. 

^From smooth Feshbach decimation, T> p : T n _j — > T n _i + AT„_j, where AT n _i is given 



as follows. By Lemma [4.1| , 

V 1 : T n _ ; — PiT^jPi + X" (II — 1) 

+ (Ato ,o - A«; ,o|e>^o - A Hf [z]H f - Aa[z]P}) 
= P^^P, - xl(T') 2 R 

+ (Aw 0>0 - Aw 0fi \ O -> ~ A Hf [z]H f - Aa[z}P l \) 
= P 1 (T„_, + AT n _i) P p 

on PiHp, since 

n = i - xiT'xiRo , 

as we recall. The contribution to AT n _i from Aw 0) o can be estimated by 

1 £ H^Atob.ollfi? < 0(e 2 )^ 2 , 



\a\=2 



which is immediate from Lemma |7.6| and Taylor's theorem. 
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It thus remains to bound the operator 

(7.6.4) T'(n-l) = - xl(T') 2 Ro , 

together with its derivatives with respect to O. 
It is clear that 

| Pi (T n _, - \n-i\Pf\ 2 + AT n _,) P| 

< 0(e) + \\P l T'[\ ] \P l \\\P l (Yl[\ ] \-l)P l \ 

< 0(e) + bl + + °(^o) Pl . 

2 

This is obtained by using Lemma [7.4| , and the fact that 

llPP'Pill < O(V^o) + NI|PiP/Pi|| + A^UPplP/I^H 

< O(v^o) + \P\ + An-/ , 

where by definition, A n _; = \ n -i = |. Hence, rescaling by multiplication with (1 + A Hf [z])~ l 
yields ( [7jjg ). 

Let us next consider the derivative with respect to Hf. We have 

|3 H/ (Xl (T n -l ~ \n-l\Pf\ 2 + AT n _ ; ) Xl) I 

< O(^ ) + HP^TOPxiHinii 
+ ||p 1 T / p 1 |||^ / (xin X i)| 

< o(v^o) + (b| + A n _OI^(xin X i)| , 

since ||Pi(0#„T")Pi|| < 0(e 2 ). Applying Lemma |7T4], and rescaling, one obtains the asserted 
bound. 

For general \a \ + (3 > 1, the part in <9^|<9gAT n _/ stemming Aty ,o has an operator norm 
bounded by 0(e 2 ), again by Lemma [7.6| and Taylor's theorem. Since 



RUd^T)Ri\\ < 0(1) 



3 

'\v\ 



\Rl(di^W)Ri\\ < 0(4^), 
lp] d%xl\\ < 0(1), 

where the implicit constants only depend on \p\, it follows straightforwardly that there exists 
a bound of the asserted form ( |7.6.1|) . ■ 



7.7. The interaction kernels of degree 1 

The modification of the interaction kernels u>o,i and w\ t o due to Feshbach decimation is 
in part controlled by the operator-theoretic Ward-Takahashi identities derived in Section |6T7. 
The result is that Awm,n, for M + N = 1, are corrected in the same manner as the coefficient 
of Pj . 
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7.7.1. The marginal interaction and the Ward-Takahashi identities. Let 

u m,n\ z \ k, A] := lim w m ,n[0 — >• 0; z; k, A] 

|fc|-»0 
rife fixed 

= ^bl e L,ivK) A ] 

for M + A?" = 1, where we recall that £m,jvK) A] denote the photon polarization vectors. For 
its image under the renormalizion map, we have the following proposition. 



Proposition 7.4. Let M + N = 1. The renormalized expression for um,n is given by 
(7.7.1) u M ,N[Z[z]]rik,\] = - g a[Z[z]] el UN [n k , X] , 

where a[Z[z]] is the coefficient of the operator xiPjXi i> n T\f^\. Furthermore, forO < \a\ < 
2 and f3 = 0,1, the renormalized interaction kernels satisfy 

(7-7.2) I d^WM^W < e £. 

In particular, 

I Pt[H f \ d x w M ,N[t) {0) } Pi\H f + \k\] I < 0(g 2 ) 

I Pt[H f \ d Fl \w MjN [l)W] Pt[H f + \k\] I < 2 g A n _, + 0(g 2 ) . 

for X denoting either the absolute value of the photon momentum \k\, z, Hf orPj-. 
Proof. 

(I) Let us first prove ( |7.7.1| ). According to the discussion of the iterative Ward- 
Takahashi identities in Section |6.7|, we focus on the relationship 



lim k/O&UvW [ H p( a o),a* x (k)} = - g e lfi [n k ; z] ■ dp f H p (a ) , 

|fc|-»0 
rife fixed 

lim [a\(k),H p (a )} = - g e ,i[n fe ; z] ■ dp f H p (a ) , 

|*|->0 
rife fixed 

which can be straightforwardly checked by inserting the definition of H p (o~o)- 

Next, we consider the correction of um,n under Feshbach decimation Vi, that is, 

Au Mj7V [z;n fc , A] = lim R~ l [\k\) y/\k\ Aw MtN [z; O -»• 0; fc, A] , 

|fc|->0 
rife fixed 

where Awm,n is obtained from the Wick monomial of degree M + N = 1 in T>i[H p (o~o) — z] 
(its interaction kernel is given by Wm,n + Awm,n)- In particular, 

Am, [z;n k ,X] = lim R-^kWlk^ [AW lt0 [z;O ^ 0] , a x (k)) , 

|fc|-»0 
rife fixed 

and likewise for Aw ,i[^; ^fc, A]. 

In order to exploit the 0(2)-symmetry of the system, we write this in the form 

lim re^plJvl^l [a x (k),H p (a )\ = - g ej X K, \}d \\H p (a ) 

l*l-*o ' *V 

rife fixed 



g e iiK;^] -dp±H p (a ) 



87 



where the right hand side is split into contributions from directions parallel to p, and con- 
tributions perpendicular to it. Likewise, the same applies to the commutator with a* x (k). 

The Ward-Takahashi identities are a consequence of Theorem O, which implies that 
these relations also hold for il[f)( )] = Vi[H p (a ) — z\. That is, 

lim Ac^flfcOvW [ax(k),V 1 [H p (a ) - z]] 

|fc|->0 
rife fixed 

= ~ 9 4,1^' ^dpwV^Hpiao) - z] 

- 9 eJiK, A] • <9px£>i [f/p(cr ) - z\ . 

Next, we take the vacuum expectation value with respect to the Fock vacuum, 

lim (wqi + Awqi) [O — > 0; z; k, A] = - g eJi x [n k , A] (d \\Vi[H p (a ) - z\ 
ifcHo ~ \ ^ s i n f 

rife fixed 



- 9 e ,iK^] ' (<9 P x£>i[.£/p(<7o) - z] 

The expectation value in the first term on the right hand side of the equality sign equals the 
corrected coefficient of Pj in T[z; O] under Feshbach decimation, 

d^V^ao) - z\) = -|p| + Aa[z] , 

as one observes from comparison with ( |7.5.2 ). On the other hand, the expectation value in 
the second term, 



(7.7.3) {d^V x [E v {a^)-z 

is a vector in the 1-plane perpendicular to p. Since both Vi[H p (a ) — z] and flf are invariant 
under 0(2)-actions on M 3 which keep p fixed, it is necessarily 0(2)-invariant, and must thus 
be zero. 

Finally, the rescaling transformation acts on um,n+Aum,n by division by [z]), 
which gives 

u m ,n[Z[z]\ n k , A] = g a[Z[z}} e" MtN [n k , A] . 
This proves the assertion about um,n- 

(II) Next, let us verify the inequality 

II w m ,n II < eo C • 
The left hand side is clearly bounded by 



nw MiiV n||| + 1 Aw m ,n III < II n II g(\p\ + i) + I Aw M . 

< + + 0(g 2 ) 

< 2g 



N 



for \p\ < p c for p c e 1) sufficient small, since Lemma |7T6| implies 

I Awm,n\1 < °(9 2 ) , 



and ||II|| < o by Lemma 7.4. 



(Ill) Next, considering that Pjj~H = P^~, we have 
I Pt[H f \ (dYW M>N )P^[H f + \k\\ I 



< 



1 + A^Mri Pt[H f ] (d Y (U[z; 0]w m ,nH[z; S k O})) If[H f + 

+ (1 + AH^ymdyAwMMl 

< (i + a^])- 1 ! (a yWMiW ) p^tf/ + 1*|]|| 

+ (l + A Hf [z})~ 1 l\d Y Aw M>N \l 

< %Pf-[Hf](dyW MiN )Pf-[Hf + \k\]j +0(g 2 ). 

The asserted bounds follow immediately, since ||| cLhu>m at I — 9 — 2 X n ~i 9 for Y = P'L and 
II £Vw/w,jv| < 0(g 2 ) for Y denoting any of the quantities accounted for by the variable X. ■ 



7.8. The interaction kernels of degree 2 and higher 

Proposition 7.5. Let X stand for z or \k r \, \k s \. Then, for < (3 < 1 and < |a| < 



2, the renormalized integral kernels {u>m,n} in satisfy 

7 

III %\9oWM,N III < 4 t 



1 C M+N 



and 



7 



pfi Fl III <-" c 4 fM+JV 



uniformly in \p\, for \p\ < p c , and M + N > 1. In particular, wm,n is analytic in P/. 
Proof. This follows from 



#0 ™ Ill <T JW+./V-1+H I H 1 



X 



and 



x (V||df p| <9g'n|| ||dg"n|| l^-"'--"^^! 
+ ||9g'n|| ||sg"n|||||af p| 5g- a '- a " W M,Ar|| 

tall < p m+jv 1 af,a x ta|| 



which is a straightforward consequence of Lemma |7.6| . The constants C Qy p, Cx,p do not 



depend on e, £. We remark that it is trivially, ||| Wm jv = if M + N > 3. 
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CHAPTER 8 



ANALYSIS OF THE INDUCTION STEP 



8.1. General framework 

The purpose of this chapter is to study the renormalization map 

where we recall from the previous chapter that 

eo = e, 

such that £ <S 1 for g 1, which we assume to be sufficiently small. The detailed construc- 
tions of 1Z and of the polydisc QJ e ^ are given in Chapter [5[ 
Let us pick a number 

e < 2e , 

together with an arbitrary element 

(8.1.1) f) G C 5J 2e0i? . 
The main purpose is to demonstrate that 

(8.1.2) J) = ft[fj] G 9J e , { 

for a renormalized value e < e. 

The value of £ is kept fixed (£ = (2*7)3), while the number e is a measure for the 
renormalization group flow of the electron charge g. Notably it does a priori not depend 
on \p\, a fact that plays a role in connection to the derivation of uniform bounds in \p\ at 
various places in the sequel. 



8.2. General induction hypotheses for H[f)] 

Let us present the list of induction hypotheses imposed on H[fj\. To begin with, the 
general structure of H[fj] is assumed to be of the form 

HM = r[fj] + X iWMxi, 

with 

T[tj\ = H f -z + Xi(a[z]P\ + r n _,[fj]) X i , 

where T n _;[h] comprises all terms of order O(Hj) in the limit Hf — > that commute with 
Hf, and where a[z] is a real scalar for z6R. Furthermore, 



M+N>1 
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where the Wick monomials PFm,jv[^] have the form given in ( |5.1.2j ) and ( |5.1.3| ). 
Next, it is assumed that 

H[\)\ is analytic in P 1 } , P^ . 

This condition is immediately seen to be preserved by the induction step, due to consequence 
of Theorem [4.2| . It is needed to determine the functional structure of T^ n [h], the linear part 
of the noninteracting hamiltonian. 

The absolute value of the conserved momentum p is assumed to be restricted to the 
values 

(8.2.1) \p\ < p c , 

with some constant 

Pc e l), 

which must be picked sufficiently small for the results in this chapter to hold. In the subse- 
quent discussion, bounds that are uniform in \p\ will always be implicitly understood only 
for the range of values specified in ( |3.2.1|) . 



The induction assumption on the symmetry properties of H[f)] are that for \p\ > 0, 
H[t)] is 0(2)-invariant with respect to rotations and reflections in R 3 that leave p fixed. In 
the special case \p\ = 0, 

(8.2.2) hmmh] 

\p\-+o 

is fully 0(3)-rotation and reflection invariant. 

The smooth cutoff operators are assumed to obey the bounds 

\\9 Hf (x 2 p X 2 p )\\ , II^XpH < 8, 

MlxDW , \\d Hf ; 



(8-2.3) II^WXiXDll > II^XiH < 4 



where the spectral support of xi is assumed to be given by [§,!]• 



8.3. Induction hypotheses for the spectral parameter 

For the spectral parameter, we assume that 

z E [-e,0] . 

This ensures well-definedness of the Feshbach map. Furthermore, the interval is chosen ap- 
propriately such that its interior contains the infimum of the spectrum of H[fj\. This is 
essential for the application of the reconstruction part of the Feshbach theorem, which will 
be invoked to determine the ground state eigenvalue of H p (ao), and the corresponding eigen- 
vector. 
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8.4. Induction hypotheses for T[f)] 

For \p\ > 0, the noninteracting hamiltonian T[h] is invariant under linear 0(2)-actions 
on M 3 which leave p invariant. Therefore, it can only depend on Pj- only via \Pf\, it is thus 

a function of Oq = (ii/,Py, |P/ |)- In addition, it is assumed to be analytic in Pj. Hence, 
it only depends on even powers of |P/ |- We introduce the decomposition 

(8.4.1) T[h] = H f - z + xi (a[z] Pj + T n _ ; [h]) X i , 

where we assume that 



(8-4.2) d^d a {T n ^\ ~ A„-HP/| 2 ) 

on P{H P , for < \a\ < 2, = 0, 1, where 



< e + K n _iP x 



< K-i < 



1 

2 ' 

|<9|p|A„_z| , \d z X n -i\ = , 



and where the constant K n -i is independent of e. In particular, 

(8.4.3) \(T n ^} - A n _z|P/| 2 )| < e + (M±2^=i + P 1 

and 

\d Hf T n -M\ < O(v^o) + (|p| + A n _,) x 
(8-4.4) x (2 + 3 \d Hf (xlxl)\ + 2(\p\ + A n _ z ) \d HfX l\) • 

A direct consequence is that 

(8.4.5) \(T n ^M - A n ^|P/| 2 )l < \ ( IPl+ 2 An "' + O(Vi )) • 
To show this, we observe that 

(8.4.6) P X P X < 

since the spectral support of Pi A (as a function of if/) is the interval [|, 1], so 

IA^m-a^ip/I 2 )^! < \\P 1 {T n _ l m-\ n „ l \p f \ 2 )p x \\p x 

< ^HPi^-A^lP/HPill^. 

Furthermore, since |Pj|, |P/| < iff, 

I^CTn-jft] - A n _,|P/| 2 )P r | < ^II^S^M-An-zlP/lWll^/A 1 

< 0(e) H f Pt. 

This immediately implies ( |S.4.5|) . 
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The induction assumption on a[z] is that 

9^(a[z] + \p\)\ < v^ 
(8.4.7) 

uniformly in \p\, for \p\ < p c , and (3 = 0, 1. Due to the strong marginality of the operator 
a[z]PL our method to bound the left hand side of ( |8.4.7|) , is to 'integrate' the renormaliza- 
tion group flow equations up to the present scale in each renormalization iteration. This is 
done in Proposition |8.2| , by which one ensures the validity of ( ^.4.7| ) in every iteration step. 
Since we prefer to solve the flow equations in the end, this approach via a 'nested induction 
argument' is convenient. 

Furthermore, in the special case \p\ = 0, 

(8.4.8) lim T[h] 

is fully 0(3)-rotation and reflection invariant, and thus only depends on the operators Hf 
and |P/| 2 = \P ll f \ 2 + \Pj\ 2 . Therefore, 

(8.4.9) lim a[z\ = . 

|p|->0 

This, together with ( |8.4.7| ), implies that, by Taylor's theorem, a [z] can be written in the 
form 

a[z] = -\p\(l + 5 a [z]) , 

where \S a [z]\ < >/i , uniformly in \p\, for \p\ < p c , and p c G [^,, 1) sufficiently small. 
Furthermore, it is assumed that 

(8.4.10) \\d z T[i,]\\ < C, 

for a constant C that is independent of e. 

Under the induction hypotheses formulated above for T[f)], we obtain the upper and 
lower relative bounds 

(8.4.11) i Hf < Tfe] < 3 Hf , 
uniformly in \p\ for \p\ < p c . The upper bound is a consequence of 

m < (1 + \a[z]\)H, + K-iH} + | ( bl+ 2 A "~' + O(VJ )~) H, 

< ( 1 + M + 1 + 0{ ^))h, 

(8.4.12) < 3 H f , 

using ( p.4.5[ ) and A n _i < |, for \p\ < p c and p c G 1) sufficiently small. 
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The lower bound follows from 

m > (1 - \a[z\\)H, - 5 ( |P|+ 2 A '-' + O(V^)) ff/ 

(8.4.13) > ifl"/, 

again using ( |S.4.5| ) and A n _z < |, for |p| < p c and p c G [^,1) sufficiently small. This 
completes the list of induction hypotheses for the non-interacting effective hamiltonian T[h]. 



8.5. Induction hypotheses for interaction kernels of degree 1 

It is, to begin with, assumed that the interaction kernels wm,n[ z ', 0;k,X], M + N = 1, 
are analytic in Pf. 

They comprise the only marginal interaction kernels in the theory, namely 

um,nM = u m,n[z] nk, A] 

(8.5.1) = lim w M n[0 -> 0; z; k,X] . 

|fc|-»0 
rife fixed 

The induction hypothesis on iiM,Jv[f)] is that 

(8.5.2) u m ,nW\ = g a[z] e" MjN [n k , \] , 

where a[z] is the coefficient of in T iiri [h], and ef^fnfc, A] is the projection of a photon 
polarization vector in the direction of the conserved momentum p. 
Moreover, it is assumed that the lower bound 

(8.5.3) e > 2\\u M)N \l = 2g\a[z)\ , 

holds for e, and that the auxiliary bound 

16 32 3 

I wm,nW III < Y 9 |p| 0- + Veo)+-g9 An-i + O(el0 

< e, 

holds. Furthermore, letting X denote the absolute value of a photon momentum |fc|, the 
spectral parameter z, Hf, or P^, that 

I rf[H f \ (d pn wM, N ) Pi[H f + |fc|] 1 < 2 g A n _ ; + e§ C , 

(8.5.4) 1 P^[H f ](d x w M>N )P^[H f +\k\]\l < eh, 

for Pi"[|fc|] = P^-[SkHf]\H f ->o- These induction assumptions are supplemented by additional 
requirements below, which can be formulated in a more general manner together with the 
conditions imposed on the cases M + N > 2. 
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8.5.1. Ward-Takahashi identities. The fact that ttM,iv[fy] is determined by a[z], the 
coefficient of in T[fj], is a consequence of the Ward-Takahashi identities. Formulated in 
the form of an induction hypothesis, they express that H[f)] satisfies 

in the manner explained in Section p.8\ 



8.6. General induction hypotheses for wm,jv[()] 

All wm,n are assumed to be analytic in Pj. Let X denote photon momenta \ki\, \ kj\, 
for i = 1, . . . , M, and j = 1, . . . , N, or the spectral parameter z. Then, the induction 
hypotheses are that for < \a\ < 2, < j3 < 1, 

K P | Wm,nM ill < (^ofe 1 -^ , 
(8.6.1) \\d^d x w M>N M\\ < (2e /e 1 -^, M + N=l, 

while for M + N > 2, 



tM+N 



\ld^d x w M , N [i)]\l < {2e fe^e i+N - 
All bounds are assumed to be uniform in for \p\ < p c , with p c £ [^, 1) sufficiently small. 



8.7. The main Theorem 

The following Theorem is the main result of this chapter, and fully controls the renor- 
malization group iteration. 

Theorem 8.1. Let p = |, and let X denote photon momenta \ki\,\kj\, or the renor- 
malized spectral parameter z = Z[z]. There is a constant p c £ such that for all 

p with \p\ < p c , the following results hold. Assuming that e ,£ are sufficiently small, the 
renormalized values of e and k are defined by 



max |^ e , 2 (1 + y/e ) \p\ e | if a < 1 
e if a > 1 



with e < 2e , and 



18 



a 

a — > a = — = 2 a 



P 

accounts for the renormalization of the running infrared cutoff. The renormalized effective 
hamiltonian H[t)} is analytic in O, and lim^^ if[f)] is fully 0(3) -symmetric. 
The function rj[t)} (cf. Proposition \6.3jfor its definition) obeys the bound 



m - 1) < 0(6^ 
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with (3 — 0, 1, and the renormalized coefficient a[Z[z\] ofPj in Tu n [t)] satisfies 

lima[Z[,]] = 0, 

d^(a[Z[z}] + \p\)\ < v^ . 

For the renormalized operator T Tt _z[f)], 



d\ P \do(xi (Tn-iW ~ X n -i\Pf\ 2 )xi 
forO < \a\ < 2, (3 = 0,1, and 



< e + k n _i Pi 



< X n -i — pX n -i , 
|<9| p |A n _;| , \d z \ n _i\ = . 

The constant k n -i < oo is independent of e. In particular, 

| (TWO] " A^|P/| 2 )| < e + + oiVeo)) Pi 

and 

\d Hs T n -M\ < O(v^o) + (\p\ + A n _ z ) x 

x (2 + 3\d Hf (xixi)\ + 2(\p\ + X n ^)\d Hf xi\) ■ 

For M + N = 1, 



u m ,nW\ = lim w m ,nM 

rik fixed 



= 9 a[Z[z}} e l] MjN [n k ,X] , 

and in particular, for \a\ = 1, 

I Pt[H f ] («9> M ,iv[f)]) Pt[H f + \k\] I < 2g X n ^ + e 3 H, 

|P 1 ± [// / ](^M,iv[0])^[^/ + ^|]|| < iU, 

where Y denotes the absolute value of a photon momentum \k\, z, Hf orPj. Furthermore, 
for < \a\ < 2 and <(3< 1, 

« ^ pl d x w M , N [i)\l\ , III d^d^w M , N [i)\l\ < i^ofe 1 '^ ,XM + N = 1, 
while for M + N >2, 

III ^w M , N I < {2e Q f el-^-P i M + N , 
\\d^d x w M , N \\ < (2e r el-^ M+N . 
All bounds are uniform in \p\, for \p\ < p c . 
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8.8. Two key technical Lemmata 

The auxiliary results presented in this section will be very helpful for the rest of the 
discussion. 



Lemma 8.1. Let 

Kft] = a + K m,nU 

M+Af>0 

denote a Wick ordered operator on P\H P (for instance O^OqW^)] or d^d@H{t)]), where 

a := (KM) n , . 

Furthermore, assume that the integral kernels are subject to bounds 

II ^0,0 || < b 
III h III <r „cM+n 

III KM,N III S C ^ 



Then, 



and 



\\K[fj\n f \\ < a + A^ci 

x P K[t,\n f \\ < A^d 

K[t)\ || < a + b + 4v^Fce • 



Proof. 

We have 



\K 



M,N 



< (2y/n) M+N \l k 



M,N\ 



cf. Lemma 5.1, thus 



M+N>1 



M,N 



M+N>1 

The asserted bounds follow immediately from ||i^o,o|| < b and Kq^Qj = 0. ■ 

The following main lemma provides analytical control of the corrections of the inter- 
action kernels and their derivatives under Feshbach decimation. 

Lemma 8.2. Let X denote z or \k r \,\k s \. We assume that M + N > 0, and set p = |. 
Then, there are constants C a ^, Cx,p < oo independent of e, £ ; such that 

III P^PPAm, III <T J* H J2-/3 M+N sM+N 

for p — 0, 1 and < \a\ < 2, and 

III FP Ft Aon III < (P r e 2 ~P oAf+iV fM+N 

III o\ p \Ox^w m ,n II S ^o^X^t * <5 , 
for \p\ < p c . In particular, the kernels Awm,n are analytic in P/ /or a// M + AT > 0. 



Proof. The proof is given in the Appendix of Chapter [II. 
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8.9. Well-definedness of the Feshbach triple 

A preliminary task in the discussion of the renormalization group iteration step is 
to verify that the Feshbach triple (Qp^[h], Qp p [h], F XpjT [i^[h]]) associated to (Pp,P{Hp) is 
well-defined. In addition, it must be demonstrated that F Xp T [//[h]] can be expanded into 
an absolutely convergent Neumann series for the operation of Feshbach decimation to be 
applicable. 

Let 

t[HM = (l + A E ,[z])H f - (z-AE [z}) 
u>[HM = HM - t[HM 

(8.9.1) = -A Hf [z}H f -AE [z]+XiW[t)] X i, 

where the definitions of Ajj [z] and Ai? [^] are given in Section [4.5| . Then, 

RoM = {T[H[t))} + XpT'UXpT 1 , 
denotes the 'free resolvent' on PpH p , with 

T%\ = Tfe] - T [HM 

= -A Hf [z]H f + AE [z] + xi (a[z]P] + T n _,fo]) X i > 

and writing 

X = XpXi , 

the operator 

RM = (t[hm + x^HMxr 1 , 

denotes the 'full resolvent'. 

/From the general discussion of the Feshbach map, we recall that it must be verified 

that 

RU , X P Rx P u{H{l)]]x P , 

Xpu[HM\x P RM x P , 
xMHMxpRM Xp^HMxp, 

(8.9.2) Xpu[H[t)]]Xp 
extend to bounded operators on P{H P in order for 

Qlcp.M = X P ~ Xpu[H[t)]]X P RXp , 
QxpM = X P ~ XpRXpu[H[t)}}xp , 
F Xp , T [HM = t[H[1>]] + X pu[m]}Xp 

-x P uj[H[t)}}xpRm Xp^WMxp 



to be well-defined. 
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^From Lemma |4.1| , Neumann series expansion of the resolvent in the Feshbach map 

yields 

F Xp>T [H[t)}} = T[H[t)}} + Xp T'[t ) }U[t ) } Xp + X P m}WMUMx P 



L=2 lKMi + Ni \l<Afl+JVl 

i=2,...,L 



x ■■■ 



(8.9.3) ■■■xW Ml ^n l _MxRoUx[ Yl W Ml,n l M nfc] X P , 

\1<M L +N L J 

where 

n[h] = 1 - XpT'HxM] 

(8.9.4) = Ff + P p T[H[t)]]RoM . 

Wick ordering each of the summands in the Neumann series, and collecting all Wick mono- 
mials that are equal in the number of creation and annihilation operators, we find the image 
of H[t)] under smooth Feshbach decimation, 

V p [H[t)]] = (l + A Hf [z])H f - (z - AE [z}) 

+ Xp (T'[h]n[h] + AT'[z';O })x P 

(8.9.5) + J] X P I n[h] W m ,nM n[f)] + *W M , N [z; 0] J Xp , 

M+N>1 \ / 

in full analogy to the expression obtained in the first decimation step. 

Lemma 8.3. For z G [—6,0] and \p\ < p c as required in the induction hypothesis, 

- A < Ro[f)},Rm < 7, 

and in particular, 

WPpRoimW < ^(l-N + oCVio))" 1 

with p = | . Furthermore, 

\\d^d%Ro[f)}\\ , R£ [f)]|| < C 

and 



dtidZRMW , \\d z RM\\ < C 



\\d z WU\\ < Cei 
for some constants C, C that are independent of e. 

Proof. From ^Hf < T < 3Hf in ( |S.4.11| ) of the induction hypothesis immediately 
follows that 

\ < Ro < - ■ 

3 p 
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Expanding R into a Neumann series, we have 

R = Ro + J2 R 4xWxRoY , 

i>i 

where the sum can be estimated by 

J2\\Ro\\\\(xWxRo)\\ j < \\Ro\\J2°( ej ^ 

= 11^0110(60, 

using ||W[f)]|| < 0(e£) on P{H P from choosing K[tj\ = W[i)} in Lemma |87l|. We thus obtain 
the asserted bounds, for e sufficiently small. 
Next, we note that 

\\p P Mt)]P P \\ < ^(l-io^i-UPp^trjl-A^iP/HPpii)- 1 
< p-^i-H + o^)) -1 , 

using ( |B.4.2|) of the induction hypothesis. 

The inequalities asserted for the derivatives of Rq[1)} and R[f)] and W[\)] are straight- 



forward consequences of Lemma |4.2| , and the induction assumptions on derivatives of T[f)] 



and W[i)}, in addition to the fact that ||3gxll> < 0(1). 

Hence, all operators in ( |3.9.2|) are indeed bounded on P{H p . This result also implies 
that F Xp)T [i/[(}]] can be expanded into an absolutely convergent Neumann series, cf. the 
detailed discussion in Section ff~. 



Lemma 8.4. Let p = |. Then, there is a constant C that is independent of e, such that 
(8.9.6) K P |<9Sn|| < C 

holds on P\H P , for < \a\ < 2 and (3 = 0, 1. In particular, with 



the estimates 



wmw < \ 

(8-9.7) (n - 1) XpII < \ 

(8.9.8) \\d\ P \W\\\ < 2 

d Hf ( Xp TlXp)\ < 2 +3\d Hf ( X 2 p xf 



(8.9.9) +2(H + A n _,)|9 ff/ x 

/ioW /or \p\ < p c with p c e 1) sufficiently small. 
Proof. From 

\ d \ P \ d o X \\ < c 

for 

X = x 2 p X 2 P i ^oandT'tf)] 
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(since j^piA^^]!, |d| p |A.Eo[£]| < O(eo), as will be proved below, and using Lemma |8~3"| ) 
follows immediately that there exists a constant C < oo such that ( |8.9.6| ) holds. 
To prove ( p.9.7 ), where (on PpH p ) 

nft] - 1 = -XpT'UxpRoU , 

we first recall that 

\\P P Ro[i)]P P \\ < ^(l-H + O^o))" 1 , 
from Lemma 18.31. Furthermore, 



(8-9.10) \\xXW < 4 > 

because of max xg [ ^{x 2 (1 — x 2 )} = \. Finally, by definition of T'[h] and | A^ [z] | , |A.E [2]| < 
0(e 2 ), 

\\T'm\\ < \a[z}\ + A n _, + 0(e 2 ) 

< |p| + A n _; + O(v^q) • 

Combining these estimates with p—\ and \ n -i < |, we find that 

/r 1 bl + | + O(v^ ) 



||x„(n[ij] - i) Xp \\ < 



4 l-b| + C»(^o) 

i 



£ 3' 
and from 

n[h] = pj- + p p r[JTfe]] 

we have 

||n[h]|| < max{l, \\r[HMP p R o m} 
< (1 + 0(e 2 )) max 



* 3' 



i](l-b|)x + 0(^o) 
4 



for sufficiently small bl < Pc with p c G 1), as claimed. 



As to ( |8.9.8| ) , we have 

\\d lp] TlM\\ < \\(d lpl r[HM) R [ 

+ \\r[H[m 2 o[m P \^[Hm] + X P T'x P )\\ 

(l + 0(e 2 ))\d lpl a[z]\x 2 
*e[Ai] ((1 - b|)x + O( v ^ )) 2 
< 2 

on PpTip. This establishes the claim. 



To prove ( fj.9.9| ), we use 

\\P p (d Hf T'M)P p \\ < 0(e 2 ), 
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using the fact that P p (dn f Xi) Pp — since the spectral supports of dn f Xi an d P P are mutually 
disjoint, as well as 

\P p (d Hf RoM)P p \ < \\P p R [m\\ 2 \Pp(dHM H M + X P T'[i)}x P ))Pp\ 

p- 2 (i + o(6 2 ) + ||p p r[h]p p ]||a H/ ^|) 
(i-H + o(v^ ))2 

P - 2 (l + dpi + A^oifc^i + o^)) 



< 



(i-H + o(^ )) 



2 



Therefore, 



\d( Xp m]Xp)\ < \d Hf (xX)\\\PpT'MP p \\\\P p RoMP f 



+ 11x^11 ||P p (^ / T'[h])P p || ||P p i? [f)]Pp|| 

+ P— 'Pi ± | 5h v 2 | 

< 2 + 3 |0jr,O#©| + 2(H + An-,) 
for \p\ < p c with p c G 1) sufficiently small. ■ 

8.10. Renormalization of the spectral parameter 

We absorb the quantity 

(8.10.1) AE [z] := <F Xp , T [H [h]] + 

into a shift of the spectral parameter, 

(8.10.2) z — > z - AE [z] . 
Application of the rescaling transformation yields 

(8.10.3) z = Z[z] : = (1 + A^rV 1 (z - AE [z}) , 
the renormalized spectral parameter. 

Proposition 8.1. The map Z : z — > z is of class C 1 , and its first derivative is given 

by 

d z Z[z] = p-^l + A^])- 1 + 0(e 2 a, 
for z as required in the induction hypothesis. Thus, for any function f of class C 1 in z, 

(8.10.4) \dzf[Z- l [z}}\ < (p + 0(e)) \dj[z}\ . 
In addition, 

\d:AE [ Z ] i < o( e 2 a 

for a = 0, 1. 
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Proof. From straightforward calculation, 

d z Z[z] = p-^l + A^z])- 1 ^! - d z AE,[z]) - j^g^ Z[z] 

We have 

\d z AE [z}\ = \d z (W[\)]R[t))W[t,)) Qf 

< o( e 2 a, 

using 

\\dSWM < O(e0 

and 

< 0(1), 



for /3 = 0, 1, from Lemma and 

\d?A Hf [z]\ < 0(e 2 £ 2 ) 

from Lemma |375| below. In the same manner, one shows that | A£7 [^] | < 0(e 2 £ 2 ). 
Therefore, 

d z Z[z] = p-^l + A^iz])- 1 + 0(e 2 a, 



and ( p. 10.4| ) follows immediately. 



The renormalized spectral parameter in \) = lZ[t)] G 9) is obtained by the substitution 

z^Z-Hz}. 



8.11. Renormalization of T[h] 
Let us discuss the renormalization of the operators Hf, a[z]Pj and T n _;[l}] in T[h]. 

8.11.1. The coefficient of Hf. Under Feshbach decimation, the coefficient 1 of Hf in 
TJj n [f)] is modified into 

l + A Hf [z] = (d Hf F Xp , T [HM) 0/ 

Q{ pjT M (l + d Hf (T n ^] + wm)Q XptT M) n x 



X 

\ - 1 

(8-n-i) +(QLrM^ir[HM]Q x ^m 

Since we have decided to keep the coefficient of Hf fixed at the constant value 1 in the 
renormalization group iteration, the rescaling transformation must act by 

(8.11.2) S P [A] = (1 + A Hf [z})- 1 p- 1 Ad Up [A] 

on operators A : P p 7i p — > P p TC p . 
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Lemma 8.5. For \p\ < p c , with p c G [^,, 1) sufficiently small, and under the assump- 
tions of the induction hypothesis, 

Y^9 2 \p\ 2 + \n-iO{e*e) + 0(eta < A Hf [z] < 0(e 2 a . 

Furthermore, 

\d lpl A Hf [z]\ < Cel 
holds for a constant C that is independent of e and g. 

Proof. First of all, the denominator in ( |8.11.1|) can be estimated by use of 

2 



lim 

S~*0 



< \\x P Rmx P \\ 2 \\wm\\ 2 



2 e 2\ 



< 0(6^ 



and 



lim 

<5-^0 



d Hf x P 



Xn ' U 



[wmR(d Hf X P )(H f -z)RoWm) nf 



+ 



{WUxR{d H}Xp ){H } - z)RoWmRxWM) Qf 



by the second resolvent identity for R[fj\. 

(I) The lower bound. Using the abbreviated notation 

it is clear that 

(Q%] (l + d B/ (T^]+wm)QM) af 
= 1 + {Q%]P p QU) nf 

+ {Q%\P P {d Hf T n -m)P p QU) U} 
(8-11.3) + {Q%]{d Hf WU)Qm) Qf . 

The leading term in ( |8.11.3| ) is given by 

P P QM) nf = (w Xp Rx 2 p RxpW) nf 

(8.11.4) = (W 1 x P Rx 2 p Rx P W 1 ) nf 

(8.11.5) + ((W l x P R% i p RXpW> i ) Qf + h.c.) 

(8.11.6) + < W> 2X pRx 2 p RXpW> 2 ) nf , 
where W 1 = W (n + W 1 , and W >2 = W - W±. 
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(1.1) We claim that the leading term satisfies 
(8.11.7) (W 1 x P Rx 2 p Rx P W 1 ) nf > 3[z] + 0(ek 2 ) 

where 



f d 3 k 


4 k) 


lp<\k\<l \ k \ 





2 

-,2r 



(8.11.8) 3[z] := \a[z]\ 2 J2 

x 

This can be seen as follows. 

Application of the second resolvent identity to R yields 

R = Ro - RoxW X R , 
where \\W\\ = 0(e() and \\R\\, \\RoW = 0(1). Therefore, 

(W.xRf Rx P W 1 ) nf = {W.xRvt R*xW x ) a} + 0(e 3 e 3 ) 
is immediate. Furthermore, it is clear that 

(W lX RoX 2 p R< i xW 1 ) nf = (W 1 x 2 P^R 2 P^fW 1 ) nf 

+ (W 1 x 2 P 1 R 2 P 1 x 2 W 1 ) nf 
> (w l x 2 P 1 ± R 2 P l ± x 2 W l ) nf , 

and that 

3[z] = {u.Ptx'Rlx'Ptu,)^ , 

where U\ is defined in the same manner as Wi, but with the interaction kernels wm,n replaced 
by um,n (M + N — 1). Defining the error term 

m := (W lX 2 P 1 ± R 2 P 1 X X 2 W 1 ) nf 

(8.11.9) - (U 1 x 2 P 1 ± R 2 P 1 ± X 2 U 1 ) nf , 

we have that, due to W±Qf = Wi\o->o&f and 

WPtiW^o^o - U 1 )P 1 ± \\ < 0(ef)e, 
which is a consequence of ( |8.5.4| ) of the induction hypothesis, 

m = ((w 1 -u 1 )p 1 ± x 2 P Rlx 2 P w 1 ) nf 
- (w lX 2 p RlxlP 1 ± (w 1 -u 1 ) ) Qf 

+ ((W 1 - U 1 )P l ± x 2 p Rl x 2 p PHWx + U X ) ) Qj 

is bounded by 

M < 0(eH 2 ). 

Finally, an explicit calculation shows that for p c £ 1) sufficiently small, and p = |, there 



is an estimate 



M >\g 2 \v\ 2 , 



for all \p\ < p c with p c £ 1) sufficiently small, and for z as required in the induction 
hypothesis. Furthermore, we have used the fact that \a[z]\ < \p\(l + O(y/e )), which is a 
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direct consequence of the induction assumption on a[z]. 

(1.2) The error term ( p. 11.5 ) can be estimated by 

(W.fR'fW^)^ + h.c.| < 0(e§£ 3 

since ||W> 2 || < 0(eH 2 ), and using Lemma 18.31. 



(1.3) The error term ( |3.11.6| ) can be bounded by 

< W> 2 x 2 R 2 x 2 W> 2 ) Qf \ < 0(e 3 e 4 ), 
for the same reasons as in the previous case under point (2). 

(1.4) There are two additional error terms in ( |8.11.3|) which have to be considered. 
The second vacuum expectation value appearing there can be estimated by 

{Q%]p p (d Hi T n _m) P P QH) nj 

= (WxRxidHfTn^xRxW)^ 

< (2(|p| + A n _0 + O(v^o)) (WxRfRxW ) Qf 

+ 3(|p| + \ n -i)(WxRx\dH f (xi^)\xRxW) nf 

+ 2(\p\ + \ n ^) 2 {W X Rx\d Hf x\\xRxW ) Qf 
= 2(\p\ + O(V~e )) (W X Rx 2 RxW) nf 

+ 3 \p\ (W X Rx\d Hj (xlxl)\xRxW ) Uf 

+ 2\p\ 2 (W X Rx\d Hf xl\xRxW ) Uf 
(8.11.10) +\ n _ l O(e 2 e) , 

using ( |8.4.4j) of the induction hypothesis, and the fact that (dH f T n -i) Vtf = 0. Thus, the 
bounds ( ^.2.3| ) on the derivatives of Xpi Xi imply that 

(Q^)P p (d Hf T n ^})P p Q[^}) Uf \ < (U + 8\p\)\p\(W X Rx 2 RxW) nf 

+ A n _,0(e 2 £ 2 ) 



< 



(w x Rx 2 RxW > n/ 



(8.11.11) 

for \p\ < p c with p c G 1) small enough. 



+ A n _,0(e 2 £ 



(1.5) The last error term in ( |S.11.3|) can be estimated by 

Q*M(PH,wM)QM) nf < \\d Hf wm\(WxRx 2 RxW) nf 

{Q%]P p {d Hf WU)) Qf 



(8.11.12) 



+ 2 

< 0(ek 2 ), 
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since 

\\pj-d Hf wn f \\ < O(e§0 

due to ( |8.5.4| ) of the induction hypothesis, and 

\\QQ f \\ < 0(e£). 



(1.6) In total, we have, in view of ( EQTT7 ) and the estimates derived in (1.1) ~ (1-5), 
the lower bound 

+ X n _ l0 (e 2 e) + 0(ele), 

which implies the claim. 

(II) The upper bound. The estimate 

\A Hf [z}\ < o(6 2 a 

follows from 

(WxRfRxW ) Qf < 0(e 2 e) , 
which is evident from \\R[l)]\\ < 0(1), \\W[t)]\\ < 0(e£). 

(III) The estimate 

\d lpl A Hf [z}\ < O(ejj) 

follows from ||<9| P |.R[()] || < 0(1), ||<9| P |W [f)] || < 0(g), 3 « ec, e < 2e , and straightforwardly 
taking the derivative of ( |8.11.1|) with respect to \p\. ■ 



8.11.2. Renormalization of the coefficient of PL The strategy in renormalizing 
a[z] is to employ a nested induction argument. Assuming that Theorem |8.1| and the bound 
( 18.4.7 ) hold for all f)^ with < k < n, it is proved that the assumptions of Propositions |3.3| 
and |0| are fulfilled. Consequently, the bound ( |S.4.7p also holds for k = n. 



Proposition 8.2. Let denote the point in 232e ,£ obtained from by n-fold it- 
erating 1Z, and let p = ~. Assume that both Theorem \8. i| and the bound hold for 
[jO'-i) fjO'), for all j < n. Then, 



(8.11.13) 

for \p\ < p c . 



Proof. 

Lemmata 18.11 and 



d \p\( a n[Zn] + \p\) < \/e, 



imply that 



< c 
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for constants C, C that are independent of e, (3 — 0, 1, and all < k < n. Furthermore, 

^|Wf) M ]-l)| < Ce^-P, 
for (3 — 0, 1, where rj [h] is defined in Propositions and 



(I) The assertion for the case (5 = is a consequence of Proposition |T3] under the 
condition that the main theorem holds for all with < k < n. 

Lemma IO] implies that for Proposition |6.3| to hold, one must show 



(8.11.14) 



(Q*Q) 



(k;n) 



n [^n]] 



< 2 



for all < k < n, and that there exists a constant B < oo independent of n and eo, such 
that 

(8.11.15) \\QW 0) ] (Ql[z]H f Q [z) - H f ) Q[f)®]\\ < Be 2 , 
and 

(8.11.16) \\Q% {k+1) ]U p (Q%^]H f Q[^\ - H f ) U;Q[^}\\ < B e 2 
for all < k < n. 

(LI) In order to prove ( |8.11.14|) , let us introduce the notation 
(8.H.17) F ik , n) [H[i) ik] ]] ■= F Xpn _ k , Tn [H[^]] , 

where 



(n) 



P 



-(n-k) 



-Ad Upn _ k [F (k;n) [H[^]}] 



(d Hf F {k]n) [H[^)]]) nf 
Next, we observe that according to ( |3.11.1|) , 

(dH f F ik ., n) [HM)n f = {QK^ + d Hs {x^ T n-i + WW k) ])xi)Q) {k]n) ^ n ~ l) ] 



with 



X P n - k I (k;n) 



+ ( Qt " (Hf-pzJQ 

~K, pn — k 



(k;n) 



Thus, 
(8.11.18) 



k[^\ = 1 + 0(^3 
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It is clear that 



(QKd Hf ( Xl (T n „ l + W)xiW k) ))Q) ik . n) 



< (ll^(xiT^Xi)H + \\d Hf (xiW[^} X i)\\) (QPQ)^ 



(k;n) 



(8.11.19) 



1 



< o (Q^Q) 



(fc;n) 



for \p\ < p c if p c e [gg, 1) is sufficiently small. 
Hence, we find that 



(8.11.20) 
Consequently, 



[Q"Q) {k ., n) < (f + 0(4-x)) {dn,F M [ H M) af 



QnQr 



Vn[Z[Z n \ 



T]n[z[Zn)] 



[d Hf F n [z] 



[d Hf F ik . n) [H[t>))) Qf (d Hf F n [z)) i 



< 



k ~i 



i=0 



(8.11.21) < 2 , 

as claimed, since < A^ f [zi] < Cef, and e k < 2eo for < k < n. 

(1.2) Next, let us prove ( |8.11.15| ). A straightforward calculation leads to 
Ql[z]H f Q [z] - HfP, = xMH p {a )}xiRH f RxMH p (a )] X i 

- (Xi + xMH p (a )]xiRXi)H f (xi + Xi^Xi^[^p( cr o)]Xi) 

where we recall that 



uj[H p (a )] 



AE [z] - A Hf [z}H f + |p|P» + -\P f \ 2 +W 



with \AE [z}\, \&H f [z]\ < 0(g 2 ). We claim that 

(8.11.22) \\h]Rxiu[H p (<t )) X i Q[f) (0) ] 

(8.11.23) \\H] X iQ[i) m ] 
which implies ( |8. 1 1 . 15| ) . To prove ( |8.11.22| ), we note that since 

(8.H.24) g[t)(°)] = Xp - xA^xAH^U, , 
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< Ce 

< Ce 



we have 



HjRxMH p (a )] X iQ[t) 



(0)1 



< 



Hm X iW Xf 



+ 



4^Xi^[^(^o)]XiX^[^ (0) ]x^[^[^ (0) ]]Xp 



since XiT / [f/ p (cro)]Xp = 0. As a consequence of Lemma [773 



HjRxiW Xf 



R 2 XiW Xf 



< 

< 0(g). 

Next, we apply the second resolvent formula to _R[V )], which yields 

H]R Xl u[H p (a )}xi Xp R[^] Xp u[Hmx P 

< HjRxMH p (<T )]xi X P Ro[i) {0) }x P ^[H[i) {0) }} Xp 
H]Rxiu[H p (a )] X ixM^W[^ 
The second term on the right hand side of the inequality sign is bounded by 



H}Rs 

<o(i) 



RhMH p (a ))xx x P Rh {0) ] Rh^xW^xRh^} 



<o(i) 



<o(i) 



< O(e ) 



R l i[^]xMm i0) ]]x P < O(e ) 



<o(i) 



as a consequence of Lemmata [772 , |7.3| and |8.3| . The first term is bounded by 



^/?Xir / [// P (ao)]xiXp J Ro[f) (0) ]XpT / [ J ff[^°)]]xp 



HjRxxWxi 



\xM^ 0) }x P T'[H[^}} Xp \ 



<0(g) 



<0(1) 



+ 



+ 



HfR Xl T'[H p (a )] Xl \\ Xp R [t)^} Xp W[H[nx 



To(i7 



< O(e ) 



H]R Xl W[H p (a )] Xl ||x p i?o[f) (0) ]XpW[if[^ )]]Xp|| < O(e ) • 



<o(a) 



< O(e ) 



The first term here vanishes because Hf,T'[H p (ao)], Rq[\j^] and T'[.£/~[f)( )]] mutually 
mute, and X iX P = 0. 

in 



Likewise, ( |3 . 1 1 . 23| ) follows from 



(0)1 



< 



H]xim {0) ]xMm (0) }}x P 

H]xiRl [t) (0) ] Rl [rt 0) \x P W[H[^]]x P 



<o(i) 



< O(e ) 



+ 



HlxiRl [f) (0) ] Rl it) {0) ]xW[^]xfr ft 



(0)1 



X 



< O(e ) 

^[f)(°)]x,o;[F[^ )]]xp 



< O(e ) 

by the second resolvent identity, applied _R[f)(°)]. This proves ( |8.11.15| ). 

(1.3) The proof of ( |3.11.16| ) is completely analogous to the case (1.2). This is because 
the operator 

u p (Q"fe< B >]fl>QfeW] - H f ) u; 

has (up to a numerical factor) precisely the same structure as 

Ql[z]H f Q [z] - H f , 

which has been studied above. We note that in the present case, i7[f)^] is, in contrast to 
H p (ao), a bounded operator, and in comparison to the above case concerning the first deci- 
mation map, one must substitute H p (a ) — > H[t)^], H[t)(°>] — > H[i)^ n+1 ^] in the expressions 
appearing under (1.2). ( |S.11.16| ) follows straightforwardly by applying Lemmata 8T and 8.2 . 
Due to the similarity to the case (1.2), this will not be carried out explicitly here. 

This proves the claim for the case (3 = 0. 

(II) The case (3 = 1. Here, we need to verify the assumptions of Proposition p.2| 
under the condition that both Theorem FO and the main hypothesis are correct for all scales 
< k < n. 

The statement that 



(8.11.25) 
and 

(8.11.26) 



K Pl T[o«] 



e k < 2 e 



< C , llfljJWfeW] 



straightforwardly follow from Theorem |8.1| and Lemma |8J], and the induction hypothesis 
that 



(8.11.27) 

holds for all < k < n. 



\d\ p \a k [z k ] + l\ < y/e 
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For Proposition IO| to hold, we must show that 



(8.11.28) 
(8.11.29) 

(8.11.30) 

(8.11.31) 
(8.11.32) 



{d\ p \d Hf F n [z[z n ]])i 



Ql[z[Zn}]Qn[z[ Z n}} 



d \p\ {Qi[z[Zn]}Qn[z[z n }}) i 



Qn[z[z n ]]Q n [z[z n \] 



Ql[z[z n }}Q n [z[z n ]} 



< e n 



< 2 



||(9 w Q[t) (fc) ])f/;g[i3 (fc+1) ]|| < ce 

Q^}H[^]Q[^] < (l + /i)F Xpir [F[[)( fc )]] 



for P = 0,1, and all < k < n, and some constant fi < 



(II.l) To verify ( |8.11.28| ), we observe that 
\{d\ p \d Hj F n [z[z n ]]) nf \ = 



< 



^in( i+A S/N) 

i=0 

n 



J=0 
II 



n( i+ <N) 



i=0 



Y,\ d \p\ A{ £M \@H,F n [z[*n]])a f \ , 



,i=0 



since Aj^^] > 0. Therefore, 



l.h.s. of ( gTL28|) < [J2\d\ P A%[zi] )\Vn[z[ 



,i=0 



since by Lemma |8.5|, 



< Cge n(l + O(e 2 )) , 

which implies the claim. 

(II.2) In the case of ( $11.'2§ ), we have 

9 \p\ (Ql[ Z [ Z n}}Qn[z[z n }}) nf = d\ p \ ({d Hf F n [z[z n ]])a f r]~ l [z[z n ]]) 

= V^Wn]] d\ p \(d Hf F n [z[z n ]})n f 



{d Hf F n [z[z n ]])n f Vn 2 [z[z n }} d\ p \r] n {z n } , 
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by definition of ^[^[^n]]- Therefore, 



|l.h.s. of ( |S.11.2H| )| 



-ir r n ( d \p\ d H f F n [z[z n ]\)u f 



Qn[z[z n ]]Q n [z[z n }] 

< (l + O(e 2 ))Ce 2 n 

+ (1 + 0{e 2 ))C e 2 , 

using the above estimate on the l.h.s. of ( |S.11.28| ). 



n. 



(11. 3) Inequality ( ft.ll.3(J| ) has already been proved in the case (3 = 0. 

(11. 4) The bound ( p. 11. 31 ) follows from the following argument. Since 

wfe] = a[z]P\ + 0(e) , 
(where 0(e) is with respect to the operator norm, of course) we have, for < k < n 
||(5 W Q[f) {fc) ])t/;Q[t) (fc+1) ]|| < O(eo) 

+ \d ]p] a^[z k }\ |a (fc+1) [^ + i]| X P m {k ^Up^X P m ik+1) }x P ^ f X 



Expanding R = R + 0(e) according to the second resolvent identity ( |4.1.10 ), and using 
that XpU P Xp — 0, we arrive at the claim. 



(II. 5) To prove ( |8.11.32j ), we first of all observe that for t) = f)( fe ' and any < k < 



n. 



= x 2 p F Xp AHmX Z p + r[HMx 2 p X 2 



which is obtained from straightforward calculation. Let us then find a sufficiently small 
number \x such that an estimate 



X lF x JH[i)]]x 2 p + r[HMxlxl < (1 + ^F x JH[i,}} 



(8.11.33) ^ p -L Xp ,T L — LVJJ A.p ' I • ' -I"! J \,> \/> 

holds, and show that one can pick [i < |. For \p\ < p c , and p c G [^j, 1) sufficiently small, 
there is a bound 



F Xp , T [HM\ > C w t[HM +O(v^ ), 



for a constant 



C\ p \ > 



9 



since 



and 



(l + A Hf [z})H f + (a[z\ + Aa[z})P] > (1 - \p\)r[H[t)}} + O(^ ) 

IIT^ftinftl+Ar^-A^lP/Hl < i, 
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cf. ( |4.5.7| ) and Proposition |8l^ below, while 

||n[h]i^[h]n[h] + aw\\ < o(e) . 

Thus, 

T[H[m 2 p X 2 p < C-\x P X P F Xp ,r[H[m P X P + O(V~e )x 2 p X 2 p 

and since 



f P x 2 P > ^[HMxlxl , 



it follows that 



T[H[t)]]x 2 p X 2 p < (l + 0(V~eo))CrJx P XpF Xp AH[m P X P ■ 



Since ||x P Xp|| < \, this implies that 



thus ( g 11.33|) holds for ^ < 



(III) By (I) and (II), Proposition ^ implies that ( |8.11.27| ) holds for k 
proves the claim of the proposition. ■ 

It is thus a trivial consequence of the above proposition that 
(8.11.34) a[Z[z}\ = - \p\(l + 5 a [Z[z}\) , 

with 

\Sa[Z[z}}\ < v^ , 

uniformly in \p\, for \p\ < p c , with p c G [^j, 1) small enough. 



n. This 



8.12. Renormalization of T n _i 

The following proposition controls the behaviour of T n _i under TZ. 



Proposition 8.3. Let p = \, and (3 — 0, 1. The renormalized nonlinear part f 7 



n—l 



T n -i\fy] o/T[h] is O(Hj) in the limit Hf — > ; and satisfies 

(8.12.1) |^dg (xi (r n -$} - K-i |P/| 2 ) xi) t 

for < \a\ < 2, (3 = 0, 1, where 

< A n _ ; < p\ n -i , 
|9| p |A n _i| , |<9 2 A n -«| = . 
TTje constant k n -i < oo is independent of e. In particular, 



< e + K n -l Pi 



1 ! 



f8.12.2l 



r n _,[(j] - A^lPj 



< e 



|p| + A n _/ 



0(A) A 
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and 



(8.12.3) 



d Hf T n -M < O(v^o) + (M + An-/) x 

x (2 + 3 |c^(x?x?)l + 2(b| + V-,) \d Hf xl\ 



The quantity e is defined in Proposition \8.5] below. 
Proof. 

^From smooth Feshbach decimation, V p : T n _i — > T n -\ + AT n _i, where AT n _z is given 
as follows. By Lemma [4.1| , 

i?! : T n -M] — p^^ + r'Kn^-i) 

+ (Aw 0)0 - Aw 0i o|o^o - A H/ [*]iZ) - Aa[*]P}) 

= p p T n _,[^]p p - ^cn 2 ^ 

+ (Au'0,0 - Awo,o\o^o - A Hf [z]H f - Aa[2;]pJ) 
= P„(T n _,[f)] + AT n _ t )P p 

on PpHp, since 

n[h] = 1 - XpT'[m P RoM , 

as we recall. The contribution to AT n _; from Aa) 0) o can be estimated by 



f 2 



[o[=2 



which is immediate from Lemma |8.2| and Taylor's theorem. 
It thus remains to bound the operator 

(8-12.4) T'[h](n[()]-1) = -xJ(T'[()]) 2 i? [h], 

together with its derivatives with respect to O. 

By ( |8.4.3| ) of the induction hypothesis, it is clear that 

\P p (T n _,ft] - \ n -i\P f \ 2 + AT„_z) P p \ 

< 0(e) + \\P p T'[\j\P p \\ |P,(nfe] - l)P f 



This is obtained by using Lemma |S.4| , and the fact that 

\\P P T%]P P \\ < 0(e) + |4*]|||P,P}PJ + An-i||Pp|P/| 2 P P || 

< O(v^o) + \ P \p + X n -i P , 

where by definition, A n _/ = p\ n ~i- Hence, rescaling by S p = p" x (l + AnJzD^Adup yields 
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Next, let us consider the derivative with respect to Hf. By ( |8.4.4[ ) of the induction 
hypothesis, 

\d Hf (x P (T n -i[i)] - A n _ ; |P/| 2 + AT n ^) Xp )\ 

< O(v^ ) + \\P p (d Hf T%})P p \\\\Um 

+ \\p p r[i ) ]p p \\\d Hf (x P m}x P )\ 

< O(V~e ) + (\p\+k-i)\d Hf (x P m)x P )\ , 



since ||F p ((9^ / T / [[)])Pp|| < 0(e 2 ). Applying Lemma ^4] , and rescaling, one obtains the as- 
serted bound. 

For general \a \ + (3 > 1, the part in <9^|<9gAT n _; stemming Awo^ has an operator norm 
bounded by 0(e 2 ), again by Lemma |3.2| and Taylor's theorem. Since 

K\ d o T M\ < 0(1), 
KffixlW < 0(1), 

where the implicit constants only depend on p, \p\, it follows straightforwardly that there 
exists a bound of the asserted form ( |8.12.1| ). ■ 

8.13. Renormalization of the marginal kernels of degree 1 

The interaction kernels of degree M + N = 1 are marginal, but their their renormaliza- 
tion group flow is determined by the marginal quantity a[z] that has already been considered 
before. This is due to the operator-theoretic formulation of the Ward-Takahashi identities 



derived in Section 6.7. 



We use the notation 

wm,n = w m ,nM 

for brevity, and recall the shorthand 

u m ,n = Um,nM = Ihn w m ,n[§\ , 

IfcHo 
Tife fixed 

from our previous discussion. 

Proposition 8.4. The renormalized expression for um,n[§] is given by 

(8.13.1) u M ,N[Z[z\;n k ,\] = - g a[Z[z]] e" MjN [n k ; \] , 

where a[Z[z\] is the coefficient o/P|j in Tn n [t)]. Furthermore, picking p = \, 
I Pf[H f ] (d pl \WM, N ) Pi[H f + \k\] I < 2g\ n _ l + el £ , 

(8.13.2) I Pi[Hf\ (d x w M)N ) Pi[H f + \k\] ||| < e§ £ . 

for X denoting either the absolute value \k\ of a photon momentum, Hf, or z. The 



quantity e is defined in Proposition \8.3j below. 
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Proof. 

(I) By induction hypothesis, 

(8.13.3) u m ,n[z; n k , A] = g a[z] e% !N [n k ; A] . 
We claim that the correction of Um,n[z; n k , A] under V p is given by 

(8.13.4) Aum,n[ z ] n ki A] = - g Aa[z] e% tN [n k , X] , 

where Aa[z] denotes its correction under Feshbach decimation D p . 
From 

u ,i[z;n k ,X] = lim ^[lAflvW [#[&], 

fc|->0 
njj fixed 

(8.13.5) = -ge ^n k ;X}-d Pf HH)} , 
and 

wi, [.2;n fc , A] = lim R~ 1 [\k\}^J\k\[a x (k) , H[\)}} 

rtfc fixed 

(8.13.6) = -ge lj0 [n k ;\)-dp f H[\)), 
as required by the induction hypothesis, follows that 

( Uo>1 + Au Q ,i)[z;n k ,X] = lim ^[Wlvl*! [i^r [#[&]], 

nfc fixed 

= -s4,iK;A] (<9 p „F w [#[f,]]* 

(8.13.7) = - g (a[z\ + Aa[z}) 4,i[n fc ;A] 
due to Proposition |6.6| , and likewise for m^q + Au^o- Thus, by definition of a[Z[z] 

(8.13.8) («o,i + A«o,i)[2;n A ,A] = -pa[Z[«]](l + A ff/ [z]) e!>*,A] . 
Hence, application of the rescaling transformation S p yields 

(8.13.9) u ,i[Z[z];n k , A] = 5 ^[n*, A] 
for the renormalized expression. 

(II) Next, for \a\ = 1, and considering that P p II = P p , we have 

I Pt[Hf\ {d Y w M , N )Pt[H f + \k\} 1 

< p (1 + A^^])- 1 ! P/fiJ/] (9k (II[z; 0]^ M , w n[2; 5 fc O])) P p [Hf + I 
+ (l + A if/ [z])- 1 |||a r A«; M , J v||| 

< p (1 + A*,!*])" 1 ! P^iJ/] (dyw M , N ) Ff[H f + |*|]|| 
+ (l + A H/ [2])- 1 |||a y A U ; MiiV ||| 

< p I P^if,] (<W,at) P^Hf + |fc|]|| + O(e 2 , 

by unitarity of Adjj p , and for Y denoting p| or any of the quantities accounted for by X. 
Inserting ( |8.5.4j) of the induction hypothesis, one immediately arrives at the claim. ■ 
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8.14. Renormalization of kernels of degree 1 and higher 

The following proposition controls general properties of the renormalized kernels 

w m ,n = wm,nM > 

for all M + N > 1. 

Proposition 8.5. Let X stand for z = Z[z\, or \k r \, \k B \. Moreover, let p=\- Then, 
the renormalized integral kernels {wm,n}, for M + N > 1, satisfy 

16 32 3 

Iwm,n\\ < ^g\p\(i + Veo)+ -g-gK-i + o$t) 

(8.14.1) < e£, 

and generally, for < \a\ < 2, < (3 < 1, 

1 d\ p \d%w M ,N\\ < (2e fe 1 -^, 

(8.14.2) 1 d lpl d x w M>N \\ < (2e Q )V^£, M + N = 1 , 

while for M + N >2, 

(8-14.3) III ®\p\ ®o ™m,n II < (2e )' 3 ^-^-^ M+7V , 

(8.14.4) \\d^d x w M)N \\ < (2e f el-? £ M+N . 

All bounds are uniform in \p\, for \p\ < p c . The renormalized value of e is given by 



max 



.14.5) 



|^e, 2(1 + V~e )\p\e \ if a < 1 

— e if CT > 1 

18 



wii/i e < 2eo- T/ie running infrared cutoff a is renormalized via 

(8.14.6) a — ► a = - . 

P 

In particular, wm,n ore, for all M + N > 1 , analytic in the components ofPf. 
Proof. We recall, to begin with, that 

M+N-l 

w m ,n = '\ t r , Ad Up [U[z;S^O] 

J- + *±Hf [ z \ 

+ Aw M , N [0;z;K^}] , 
where S^ M ' shifts O by (hi, . . . , &m), that is, 

M M 
i=l i=l 



and likewise for S 1 ^. Furhermore, we recall the induction hypotheses on u>m n of Section 181: 



119 



(I) Let us first consider ( jS.14.2p . For the cases M + N > 2, we have 
1 Wm,n\\ < Pi Wm,n\1 + 0(e 2 )e i+N 

(8.14.7) < e 7 H M+N , 

using the induction hypothesis ||| U7Af,jv| < ^ £ M+N , and for e as defined in ( |8.14.5|) . 
For the case M + N = 1, 

II w M , N I < (1 + A^^])- 1 (I Ad Up [U[z; S h O]u M>N U[z; O}} ||| 
+ If Ad Up [U[z; S k O](w M>N - u M , N )Tl[z; O}} ||| 
+ III I) 

< || n || 2 1 u M , n I 

+ P \\U\\ 2 I P p (d pl \W M>N )P p \l + I P p( d YWM,N)P p \\ 

\ Y=\k\,H f ,Pf 

16 - 3 

< -g-dl «M,iV 1 + ZgK-i) + 0(ea£) 

(8.14.8) = ^(|a[Z- 1 [5]]|+ 2A n _ ; ) + O(e§0 , 

where we have used Lemma |S.2| and ( |8.6.1| ) of the induction hypothesis, together with the fact 
that ||I1|| < |, by Lemma 3A This implies ( |8.14.1| ). In particular, since A n _/ = p\ n ~i < |, 
this is bounded by 

16 83 
1 w m ,n I < y 9 \p\ (1 + O(v^o)) + g 9 + 0{ek) 

< 2g 

= eo£ , 

for |p| < p c with p f- ^. 1). 

Inequality ( |8.14.8| ) implies that if we choose 

|i! e ,2(l + Vi )bu} , 

it is always true that 

e > 2|||w M ,7v||| • 

Furthermore, it follows from a straightforward calculation that under the induction assump- 
tion 

16 32 

— g\p\(l + V~e ) + Y 9Xn - 1 + °( ef ^ - 

the estimate 

16 32 

— 5 |p|(l + yi )+ — gK^ + O(eie) < e£ 
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max 



holds for this definition of e. Therefore, we conclude that 

II Wm,n\1 < ^ , 

with e < e . 

(II) For ( |8.14.3| ), we first consider the case M + N = 1, \a\ = and (3 = 1. We have 
III* - III ^ Mia r n-i / l 9 bl A g/MI I,, . I,, 

III 0|p| ^Af.iV III < (1 + A H/ [z]) I i I a r i III W M,N\\\ 

+ 211^111^11 l^ivl 

V v ' 

< ^ , cf. Lemma 8.4. 



+ lini 



/ \ 

III d\ p \ u m ,n 11^ + 1 Pp{d\ P \ d\ k \w M ,N)P P I 



+ ||n|| 2 I P P (d\ p \d£w M)N )P p \i + \ld {pl Aw M)N \ 

\a\=l 

(8.14.9) < 2e £, 

for \p\ < p c , with p c G [^j, 1) sufficiently small, where we used 2g = eo£, cf. ( |8.14.4| ), and 
Lemma |8.4j . 

Next, we consider the cases M + N > 2 and < \a\ < 2, < < 1. 
Here, we have 



<tft*u* ill < £ ( , Jt<<| ) 



X 



a'+a"=a 

\d^agu\\ \\ag'n\\ lid*-* '-*'w M A 
+ \\8gu\\ \\ag'u\\ l\d^'-"w M , N \\ 

< p||n|| 2 |a w a> M ^| + gf> c J-^-e e i+N 



7 a 



4 4 P 



(8.14.10) < (2e ) /3 e^^- /3 e M+iV , 

This follows from the fact that for \p\ < p c , 

4 

2 3' 
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the induction hypotheses on <9| p |<9g u>m,tv, and \d\ p \Aff f [z] \ < O(ge) 
Likewise, for ( |8.14.4|) and the same cases (i), (ii) as above, 



tf p{ d x w MiN I < p ||n|| 2 I dhd x w Mtl -* ^Jr-A cM+N 



(8.14.11) 

is obtained in the same manner. 



< (2eof 

< (2e f (jj + 0^ 



n\\\ + 4 CeH 1 
0(e$)) eH M+N 



M+N 



(VI) Finally, analyticity of wm,n in P/ follows from the analyticity in Pj of wm,n, cf. 



the induction hypothesis, and of Awm,n, cf. Lemma |872 



Proof of Theorem |8.1| . Theorem |D] is a summary of the statements of the propo- 
sitions of this chapters. ■ 
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CHAPTER 9 



THE RENORMALIZATION GROUP FLOW AND PROOF OF 

THE MAIN THEOREMS 

The main insights gained in the two previous chapters can be summarized as follows. 
There is a point 

(9.0.12) f> (0) G 2J 2eo , c , 

whose associated effective hamiltonian if [f)(°)] in B{P\H P ) is, in the Feshbach sense, isospec- 
tral to the model hamiltonian H p (a ). 

Iteration of 1Z produces an orbit {t)^} ne N in ^2e ,C which emanates from [)(°\ More- 
over, it establishes a map 

K : — > 3J^ , 

where 

e , e < 2e , 

and where e < e is the renormalized value for e. £ is a fixed constant, while e possesses the 
role of the running coupling constant. 

In the systems considered in ]2|, [3J, the interactions are irrelevant, such that the se- 
quence {e n }neN (with e n = e n+ i) tends to zero. Hence, there is a sequence of nested 
polydiscs 

which converges, in the topology induced by the norm on 5J2e ,c defined in Chapter to a 1- 
dimensional polydisc that parametrizes non-interacting effective hamiltonians. In particular, 
this shows that TZ is a contraction on < ^3 2 eo^i and it is proved in § by the Banach fixed 
point theorem that the 1-dimensional limiting element 3Jo,£ is the unique fixed point set. 

The interactions within the model hamiltonian H p (ao) are also irrelevant, but only so 
due to the introduction of the artificial infrared regularization at o"o > 0. The limiting ele- 
ment QJo,£ in this case is 2-dimensional, and parametrizes operators of the form C,\Hf + C2P'}, 
with Q G R. In the limit <jq — > 0, where no regularization is included, the corresponding 
sequence {e n } ng N does not tend to zero (unless \p\ = 0, as we will see), since the interaction 
is strongly marginal. There are very strong reasons to expect that f^ 00 -* := lim^oo f)( n ) ex- 
ists, and that the set of all such limiting points cover a 3-dimensional center manifold in the 
polydisc 5?2eo,5- However, the proof of these statements requires dynamical systems theory 
on Banach spaces, and can presumably not be established by a straightforward application 
of the Banach fixed point theorem. Clarification of these matters is beyond the scope of the 
present work. 
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9.1. Solution of the flow equations 

The cumulative result of the previous two chapters is the system of flow equations 
generated by TZ on the polydisc 2J eo ,c C i}, given by Theorem |8.1| , together with the initial 
condition t)^ e 5Je ,£> provided by Theorem [7.1| . The orbit under 1Z that emanates from f) 1 - ^ 
is analytically controlled by the flow of the parameters e and a[z). 



Theorem 9.1. Let p—\, and 



N, 



logoo 
logp 



Let {h^} G 23 eo ,c denote the orbit of t)^ obtained from iterating the renorraalization map, 
that is, 

(j(n+l) = ^(n)] ^ for n > , 

and /e£ t/ie initial spectral parameter in f)(°) satisfy 

zq e [E bare [\p\] - g, E bare [\p\]\ . 

Then, there is a constant p c e 1) ; sitc/j that for all p with \p\ < p c , the running coupling 
constant e n is given by 



(9.1.1) 



max | (j^J e , 2 (1 + \p\ e J n < N a 



n > N„ 



such that e n < 2e$ for all n. The coefficient a n [z^\ of the operator P| in Tu n \f^] satisfies 



(9.1.2) 

for f3 — 0, 1, hence 
(9.1.3) 

for all n G N . 

Proof. We have 

(9.1.4) 

which follows straightforwardly from 



%\ (0>n[Zn) + \p\) 

a n [z n ] = -\p\{l + O(y/e )) 
<~n < max { | ^ J e , 2 (1 + yft Q ) \p\ e \ , 



maxj^ e , 2 (1 + v/e ) |p| e | if a < 1 



17 
18 



if a > 1 



as stated in Theorem 8.1 



The statements about a n [z„] have also been proved there. 
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9.2. Proof of the main theorems 



Using the results of the operator-theoretic renormalization group analysis for the orbit 
{f)W} ; Theorems |3.1| and |3.2| from Chapter |3| can now be proved. Let us briefly recall their 



statements. 



9.2.1. Theorem |3.1| . It asserts that for every arbitrarily small, but fixed value of the 
infrared cutoff a > 0, there exists a constant p c G 1), such that for all p with \p\ < p c , 
the physical hamiltonian H p (ao) possesses an eigenvalue at the bottom of its spectrum, 
bordering to absolutely continuous spectrum, which corresponds to a unique eigenvector 
fl\p; <Jo] £ Hp- Under the normalization condition 

(0/ , tt[p;a ] } = 1 , 

there are constants c, C > and d ,C > 0, such that 

cexpfcVbHlogaol] < || ^o] f < C exp [C g 2 \p\ 2 | loga |] . 

Thus, fi[p; ctq] G TL P for all a > if and only if \p\ = 0. 



9.2.2. Theorem |3.2j . It asserts that the model hamiltonian H p (ao) possesses a ground 



state eigenvalue -Eo[H, o"o] a t the bottom of its spectrum, bordering to absolutely continuous 
spectrum. It is at least of class C 2 with respect to \p\, and 

^{eoMM - ^) < O(eo) 
holds for /3 = 0, 1, uniformly in cr > 0. Furthermore, 

%(^o[bl^o] - ^) < 0, 

that is, the renormalized mass of the infraparticle is bounded from below by the bare mass 
of the charged particle, for all o"o > 0. This theorem thus controls smoothness properties of 
the ground state energy under removal of the infrared regularization. 



9.3. Proof of Theorem [37L 

We have seen in the previous chapters that the ratio 

_ (dH,F n [*l) af 

{Ql[z] Q n [z\) 

is given by 

Vn [ Zn } = i + o(4) , 



where lim^oo e n = 0. Since 



Qfovo} = s- lim Q n [z]Vtf , 



n— >oo 
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it thus follows that 



||l%a ]|| 2 = Mm (d Hj F n [z]) 

= n( i+ <[^])i i n (i+a«w) 



i=l 



J=N aQ +l 



(9.3.1) 
while 

because 



< exp 



"^0 




oo 




exp 


E 






i=N ao +l 



(Q f , n[p;a ]) Qf = 1 , 
(Q f , Q n [z]n f ) nf = (tt f ,tt f ) nf 

= 1 

for all n. 

The upper bound in the assertion is easy to obtain. It follows from 



(9.3.2) 



since 



(9.3.3) 



n \\ < exp ( 0(e 2 n e) E 1 ) ex P 

3=0 



3=N<r +l 



e n < maxj^^jQ e , 2 (1 + v^o) \p\ e J 



as has been proved in the renormalization group analysis. 
To prove the lower bound, we observe that 



na + A^o,]) > exp 



i=i 



20 



g 2 \p\ z n ( 



X 



x exp 



E( A ^°(^ 2 ) + o( e h 2 )) 

j=0 



Since 

for n < N ao , we have 

for all 7 > 0, and 
(9.3.4) 



e n < max | (^j e , 2 (1 + ^~e Q ) g \p\ j 



e 7 < 



17 
18 



n7 



e 7 + (2(1 + Vi )5bl)' 



— HV - o 

20 y 



((<?M) f ) 



22 



> 
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for g sufficiently small. Furthermore, 



Therefore, 



(9.3.5) 



J] (l+A^y > exp 



i=iV,x +l 



N an +l v 7 



1 + 0(eo) • 



fioll > (i + O(e ))exp 



22 



x exp 



x exp 



17V 



j=o v 

°««*)EQ) « 



x 



> - exp 



1 

22 



<7 2 bl 2 ^ 



since A^2; = A^ijp 7 ', where p = ~. With 



iV, 



(TO 



> 



logoo" 
logp 

log (T 1 



the assertion of Theorem 3.1 follows. 



9.4. Proof of Theorem 3.2 



Let us consider once more the eigenvalue equation for the ground state of H p (a ), 

(9.4.1) (H p (a )-E [\p\,a ])n[p;a ] = 0, 
where 

(9.4.2) Q[p; a ] = s- lim Q Xn , Tn [H p (a ) - E ] Q f . 

n— >oo 
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Thus, taking two derivatives with respect to |p| 

(Ql[E ], (8lfaH p {(To)) Qn[E ] 

d fp\ E o[\p\,Vo\ = lim 



(9.4.3) 
where 



Ql[Eo] Qn[E ] 



( (d lpl Qi[E ] (H p (a )-E ) d lp] Q n [E }) 

2 lim -, 

Ql[E ] Q n [E ] 



1 - 2 lim 

n— >oo 



(d lpl Q{[E ] (H p (a )-E ) d\ p \Q n [E ]\ 



Qn[E ] Qn[E ] 



QV>[Eo) = QW ntTn [H p (a ) - E ] 

are maps between P p ™TL p and Ti p . We have here used that d?,H p (a ) = 1. 
iFiom Propositions |6.4| and |3.2| , we know that 



d\ v \a n [z n 



9\p\Vn_ I n _|_ ^[^J] 1 

r)n[z[z n \\ - 



(9.4.4) 

Thus, 

(9.4.5) 



2r) n [z[z n ]] 1 



{d\ p \Ql[z[z n }}) (d Fl] H p (a )) d ]p] Q n [z[z n }} 



Qi[z[z n ]]Q 



d\ p \E$ = lim (r] n [z[z n }}d\ p \a n [z n ] + (d\ p \r} n [z[z n ]])a n [z n )) 



[since O (e^ p n n 2 ) = o(n), with p = \) 
Theorem |S.1| implies that 



(9.4.6) 

holds for all n. Thus, 



as claimed. 



d \p\( a n[Zn] + \P\) , \d\ p \Vn[z[Zn]]\ < V^O 

d^E, = 1 + O(v^o) 
= 1 + 0(g*) , 
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CHAPTER 10 



APPENDIX: PROOFS RELATED TO THE FIRST 
DECIMATION STEP 



In this appendix, we summarize proofs of lemmata used for the analytical control of 
the first Feshbach decimation step in Chapter [7[ 



10.1. Proof of Lemma 7.2 



Clearly, Hf is invertible on Pi H p . Let us first consider the case of We recall 

that 

(10.1.1) | w m ,n[0\ k, A] | < C 0(H + |P/|)xA[|fc|] 

if M + N = 1. Thus, picking any <p G 7i p , Cauchy-Schwarz gives 



< eg 



Xi 



M + IP/I 



--Xi 



(l-bD^z + IIP/i 2 

A J V\ k \ 

H 

-H 



73, XA 



a x (k) (f)' 



< eg 



7^ + 2 ) (^P / d 3 k\k\- 2 X A[\k\ 



(10.1.2) 



x 



/ d 3 k(<p',a* x (k)\k\a x (k)^') 



with (J)' = Rq <p, and where we have used 



\Ro\ < [(l-\p\)H f + -\P f \ 



on P{Hp. Thus, we obtain the bound 



< c'g 



RHxiWo,xXi R§ 



(10.1.3) < d g 

since \p\ < p c . The case for W\ o is identical 



\P\ 



l-\p\ 



H]((l-\p\)H f ) 

1 
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Next, let us consider W 2 [0\. We recall that if M + N = 2, 

(10.1.4) I w M ,N[0;k,\,~k,M III < cg 2 XA [\k\] XA[\k\] ■ 

Picking any 0, ip e 7Y P , it is clear that for M = iV = 1, 

d 3 A; d 3 fc 



|<V, Wi,i[o]0>| < C ^ 2 E / 

A, A 



xa[|*|] xa[|*|] 



x a x (k)ip a- x {k)(j) 



H 2 f ip 



(10.1.5) 

by the Cauchy-Schwarz inequality. Using 

(10.1.6) \\R H f \\ < C , 

this implies that 



Hi <t> 



(10.1.7) 



RlXiW^XiRl < c'Cg 2 . 



For M = and N = 2, we find 

II ( J ff / + A + 1)"3 W , 2 [O] 4> 



< lj2 Jd 3 kd 3 ~k \k\~? |fc|~5 w Oi2 [0;jfc,A,fc,A] 

\ A, A 

(// / + A + l)-^a A (A;) a*(fc) ||) 



< eg 2 



i , r , i 



(10.1.8) 



X j d3kd3 ~ k \ k \ \ k \ XA[\ k \] X 

A, A 

x ( , a i(fc) a* (A;) (H f + A + l)" 1 a A (fc) a*(fc) 

i 2 
if? < 



again by using the Cauchy-Schwarz inequality, and 

£ / ^ 1*1 Xa[|*|] aj(fc) (#/ + A + l)- 1 a\{k) 

A ^ 

= y d 3 A; XA [|fc|] aj(fc) a A (fc) (Hf + A - + l)" 1 
< Hf^f + l)- 1 

(10.1.9) 
^From 



< 1 . 



(10.1.10) 



H f *xi (Hf + A+1)* 
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< VA + 2 



and ( |10.1.6| ), we arrive at the desired bound 



;io.i.ii) 



Rq XiW ,2Xi P, 



< c g . 



The case of V^2,o[C] is treated in the same fashion. 



Collecting the above bounds, this proves Lemma 7.2 



10.2. Proof of Lemma |7T3| 

Again using the bound 
(10.2.1) I w m ,n\1 < cg X A[\k\] 

for M + N — 1, and picking any (f) e 7i p , the Cauchy-Schwarz inequality yields 



< eg 



Xi 



bl + |P/l 



--Xi 



< c 



< eg 



a-\p\)H f + iiP/i 2 

X E fd 3 k^j§\\a x (k)P 1( f> 

A J V\ k \ 

\p\ 



a x (k) P 



2 sup / drk \k\~ 2 X A[\k\] x 



(10.2.2) 

which is bounded by 



x 



J d 3 k (Px^a^l&K^P^) 



c'5 



as asserted, since \\Hf Pi4>\\ < ||0||. The case for W lj0 is identical. 
Next, let us consider W 2 [C]- Recalling ( |10.1.5|) , that is, 



i i 



we have 
(10.2.3) 

using ( p.0.1.61) . 

For M = and iV = 2, we recall 



(i>,W 1 , 1 [0]<f>}\ < c'/llPT^II ||PTjx 



^ / 2 



and find 
(10.2.4) 



[H f + A + 1)~* W 0>2 [O) 



RlxiW 0<2 [O]P 1 



< c g 



< c'g* 



again using ( |10.1.6| ). The case of W2,o[C] is treated in the same fashion. 



This proves Lemma 7.3 
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10.3. Proof of Lemma |7.6| 

We first prove the following bounds on the Hilbert space PiH- 



Lemma 10.1. Under the assumptions of Lemma \7. 6 , there exists a constant C < oo, 
such that 

ill rI Ci xiws w^)xi rI in < cer n+p+9 r +n (2v^o p+<? 
ill rI xi(^i d a o %t) xi ill < c c +n+p+9 r +n (2v^0 P+9 

/or \a\ < 2, (5 = 0, 1, and 



RI xA d x W™ q n ) X i R-o III < C e™ +n+p+q C +n (2V^0 P+q 



III flo* (^| dx W%») Xi II < C eZ +n+p+q r +n (2v^0 P+9 
on the Hilbert space P\H V , for m + n + p + q<2, and X = \ki\, \kj\ or z. 

Proof. The asserted bounds are obtained in the precise same manner as in the cases 



of Lemma [7.2| and Lemma |7.3| . The only difference now are the bounds 

M N 

\d^d^w UtN \ < c 5 M+jv (i+ip / i)nx[o,A](i^i)nx[o 1 A](i^i) 

r=l s=l 

for M + N < 2, and Y denoting either O (with \a\ < 2) or X (with \a\ < 1), instead of 
those on ||| wm will • Furthermore, we recall that e £ = 2g. ■ 



Lemma 10.2. Let us assume that there is a constant C independent of e, such that 

ll<l^'(XiA)Xi)l|, \\d^U\\ < C 
for any < /3' < 1, and < \a'\ < 2. The operator 

£ L [{m,n,p,q};z;0;K^] = ( W^f Xi^oXi ■ ■ ■ )o, sym > 

with m = (mi, . . . , m L ), etc., and M = Y m %, N = Y n i, satisfies 

\\d^d a £ L \\ < c^LW+/J e L C L e i +N ' (2 ^)E(ft4«) . 

/or |oj| < 2, /3 = 0, 1, and 

II df p |dx ^ I < c Xt/l L 1+/3 e L C L e i+N (2v^O E(Pl+9l) • 

The constants cx,p and c a ^ do not depend on e, £. Furthermore, Sl is analytic in O for all 
M + N > 0. 

Proof. Sl and the symbol {-)o,sym were defined below ( |4.5.12j ). 

£l is the (-)o )S2/m -expectation value of L + (L — 1) < 2L operators (L interaction 
operators W^"* and L — 1 free resolvents .Ro). Thus, by the product rule, <9^|<9g£L is the 
sum of 0(L' Q ' +/3 ) vacuum expectation values. 

Derivatives of XiA)Xi> n can be estimated by 

ll<|^'(xiA)Xi)ll , ll<|^'n|| < c, 
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where the constant only depends on \a'\ < \ql\,(3' < (3. Derivatives of Wgfig* are controlled 
by Lemma |1 0. 1 . 

In each of the 0(L^ +l3 ) terms obtained from applying d\ p \pQ to El, there are at most 
L — 1 + \a\ + (3 occurrences of Rq, and two of IT, hence an overall factor 

(jL+l+\a\+l3 

in the bound. Furthermore, from each WI! li ' ni or its derivative, there emerges a factor 

O(e )(2^) Pi+qi t mi+ni ■ 

Thus, there is an overall factor 

0(e£)(2V<) E(p<+<?<) £ E(m * +rii) 

stemming from the interaction operators. 

Since all implicit constants in these estimates only depend on a and /?, there is a 
constant c aj/ g, such that 

II d^£ L \\ < c^LH+z 3 € l c l x 

x Z M+N (2v^0 E(Pl+9l) • 
The asserted bound on ||| d^dx £l ||| are proved in the same manner. 
Because every Rq and every W£*£* is analytic in P/, £i also is. 

For a more detailed exposition of the intermediate steps in the derivation of these 
bounds, cf. §. ■ 

Proof of Lemma |7.6| . Let X denote \k\ or any component O r of O = (Hf, Py, Pf). Then, 



using Lemma 10.2 



L=2 



l<M i +iV i <2 

i=l,...,L 



n 

1=1 



m +Pi 

Pi 



rii + qi 
Qi 



(2V5FO 



E(Pi+9») 



< 



L=2 



'10.3.1' 



i=l,...,L 

for a constant C a ^ that is independent of £q,£. The combinatorial factors have here been 
estimated by 

m + p 
p 

since m + p < 2, and likewise for m <-> n, p <->• g. 
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<2, 



The bound 



d^d x Aw M , N \\ < C Xil3 e 2 e i+N 



of the assertion follows in the same manner. 

According to the previous lemma, Sl is analytic in O for all L. Thus, Awm,n is given 
by a series of analytic functions of O. In particular, the above results imply that the defining 
series for 8qAwm,n are , for |a| < 1, uniformly convergent with respect to ||| • ||| . Thus, Awm,n 
is analytic in O. 

This proves Lemma IT76 
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CHAPTER 11 



APPENDIX: PROOFS RELATED TO THE INDUCTION STEP 

In this appendix, we give the proofs that are missing in Chapter || 



11.1. Proof of Proposition 8.5 



Lemma 11.1. Let < \a\ < 2, (3 — 0, 1, and X = \k{\, \kj\ or z, corresponding to the 
assumptions of Lemma |~~ 



(11-1.1) II d^d x W^ n \l < (2e ) /3 el- /3 (2 v ^O P+9 r +n 

on the Hilbert space P\H V . 

Proof. This follows directly from 

and 



;)..,,• . . ill <' i ■)/■ \ ' /' 

'\p\ 

implied by the induction hypothesis. 



Lemma 11.2. Let < \a\ < 2, (3 = 0, 1, and X = \ki\, \kj\ or z, corresponding to the 
assumptions of Proposition \8.d{ , 

£ L [{m,n,p,qy,z-,0-,K( M ^} = ( UW^ X RoX • ■ ■ %™ n )o, sym > 

with m = (mi, . . . , m L ), etc., and M = Y m %, N = Y n i, satisfies 

x e i+N (2v^o E(pi+<?i) ■ 

and 

III A? R f III <T ^ n J i+l 3 C L ~P n L ~P V 

x e M+iV (2v^0 E(ft+9l) • 

The constants c Qj/ g and cx,p are independent of e, £. Furthermore, Sl is analytic in O for 
allM + N>0. 



Proof. The definition of the symbol {-)o,sym is given below ( |4.5.12j ). By induction 



hypothesis, T (and thus i?o[^]) and wm,n are analytic in O. Thus, Sl is analytic in O. 

^From the product rule, it is first of all clear that there are 0(L' Q ' +/3 ) terms in total, 
because Sl is the (-)c> iS3/m -expectation value of a product of less than 2L operators. 
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Derivatives of xpRoXp an d n can be estimated by 

\\d^ (x P M P )\\ , ll<|^'n|| < 

where the constant C p only depend on p, while derivatives of W™*™ can be estimated by 



Lemma 10.1 



In each of the 0(L' a ' + ^) terms obtained from applying d[ Lc^ to El, there are at most 



L — 1 + |a| + (3 occurrences of Rq, and two of II, hence an overall factor £7^ +1+ H + ^ j n ^he 
bound. Furthermore, the induction hypotheses, together with Lemma |1 1 . 1| , imply that 



ppifla. 1 W mi,ni 
%\°X VV Pi , qi 



< (2e ) ft e2-^- /3 (2 v ^O P!+ ' ? ^ 



mi+rii 



where fa = 1 if a derivative with respect to \p\ is taken, and fa = otherwise. Thus, there 
is an overall factor 

O(e^ L " /3 )(2 v / ^0 E(Pl+9l) ^ E(mi+ni) 
due to the interaction operators. 

Since all implicit constants in these estimates only depend on a and 0, there is a 
constant c a> p, such that 



'11.1.21 



x e 



E(Pi+9i) 



which proves the claim. 
The estimate 



x £ M+N (2v^0 E(Pl+9l) 

is proved in the same way. 

Furthermore, for every L > 2, El is analytic in Pf, since Rq an d are. 

We refer the interested reader to |2|, for a more explicit exposition of some of the 
intermediate steps. ■ 

Proof of Lemma B.2L For < \a\ < 2, 



<9j^ <9g Awm,n 



;n.i.3) 



L=2 IXM^+J^ 
i=l,...,L 



n 

i=l 



rrii+pi 
Pi 



rii + q { 



di\d x E L 



M c L ~P n l-L-\a\-f3 



L=2 

i=l,...,L 
2-/3 ^^Af+JV 



< e C| a | i/3 e 

J 3 



6 



.2-/3 



(20 
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M+N 



using Lemma |11.2|, and 



m + p 
V 



while setting p 

The assertion 



2- This is the first assertion of Lemma |8]2. 



(11.1.4) 
for X = 



d x Aw m ,n 



\M+N 



\kj\ 



or z, is proved in the same way. 



By the previous lemma, El is analytic in Pj for all L. Thus, Awm,n is given by a 
series of analytic functions of P/. Since the first part of this proof showed that the defining 



series for dp Awm,n are, for \a\ < 1, uniformly convergent with respect to 
analytic in Pf. ■ 



Aw m ,n is 
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